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ABSTRACT 

This volume* a reprinting of a classic first 
published in 1952* presents detailed discussions of 26 curves or 
families of curves* and 17 analytic systems of curves. For each curve 
the author provides a historical note* a sketch or sketches* a 
description of the curve* a a -^cussion of pertinent facts* and a 
bibliography. Depending upcn the curve* the discussion may cover 
defining equations* relationships with other curves (identities* 
derivatives* integrals)* series representations* metrical properties* 
properties of tangents and normals* applications of the curve in 
physical or statistical sciences* and other relevant information. The 
carves described range from the familiar conic sections and 
trigonometric functions through thfe less well known Deltoid* Kieroid 
and Witch of Agnesi. Curve related*^ systems described include 
envelopes, evolutes and pedal curves. A section on curve sketching in 
the coordinate plane is included. (SD) 
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FOREWORD 



Some mathematical works of considerable vintage have a timeless 
quality about them. Like classics in any field, they still bring joy and 
guidance to the reader. Books of this kind, if no longer readily available, 
are being sought out by the National Council of Teachers of Mathematics, 
which has begim to publish a series of such classics. The present title is 
the fourth volume of the series. 

A Handbook on Curves and Their Properties- was first published in 1952 
when the author was teaching at the United States Military Academy at 
West Point. A photo, lithoprint reproduction was issued in 1959 by 
Edwards Brothers, Inc., Lithoprinters, of Ann Arbor, Michigan. The 
present reprint edition has been similarly produced, by photo-offset, from 
a copy of the 1959 edition. Except for providing new front matter, includ- 
ing a biographical sketch of the author and this Foreword by way of. 
explanation, no attempt has been made to modernize the book in any 
way. To do so would surely detract from, rather than add to, its value. 
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ABOUT THE AUTHOR 



Robert Carl Yates was born in. Falls Church, Virginia, on 10 Marfh 
1904. In 1924 he received a B.S. degree in civil engineering from Virginia 
Military Institute. This degree was followed by an A.B. degree in psy- 
chology and education from Washington and Lee University in 1926 and 
by the M.A. and Ph.D. degrees in mathematics and applied mathematics 
from Johns Hopkins University in 1928 and 1930. 

While working on these later degrees Bob Yates was an instructor at 
Virginia Military Institute, the University of Maryland, and Johns Mop- 
kins University. After completing his Ph.D. degree, he accepted a posi- 
tion as assistant professor, in 1931, at the University of Maryland, where 
later he was promoted to associate professor. In 1939 he became associate 
profes.sor of mathematics at Louisiana State University. 

As a captain in the Army Reserves, Professor Yates reported to the 
United States Military Academy for active duty on 6 June 1942. Before 
leaving the Academy he rose to the rank of colonel and the title of 
associate profes.sor of mathematics. 

He left West Point in August 1954, when a reduction in the number 
of colonels was authorized at USMA, and accepted a position as professor 
of mathematics at Virginia Polytechnic Institute. In 1955 he became 
professor of mathematics and chairman of the department at the College 
of William and Mary. The last position he held was as one of the original 
professors at the University of South Florida, beginning in 1960. He went 
to this new institution as chairman of the Department of Mathematics, 
resigning the chairmanship in 1962 in order to devote more time to teach* 
ing, lecturing, and writing. 

During his tour of duty at West Point, Dr. Yates spent many of hi.s 
summers as a visiting professor. Among the institutions he served were 
Teachers College, Columbia University; Yeshiva University; and Johns 
Hopkins University. 

Robert Yates was a man of many talents. Although he was trained in 
pure and applied mathematics, he became interested in the field of 
mathematics education rather early in his professionil career. In both 
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areas he built up a (lut- icputaliou as a lecturer and a writer. During his 
lifetime he had sixtN -odd papers published in various research and mathe- 
matical-education journals, including the Mathematics TeacJwr, and in 
NCTM yearbooks. He also wrote five books dealing with various aspects 
(»f geometry, the calculus, and differential equations. From 1937 until he 
was called to active duty at West Point in 1942. he served on the editorial 
hoard, and as editor of one department, of the National Mathematics 
Magazine, 

These were some of his professional achievements. H-is activities, how 
ever, were not limited to the world of mathematics. At VMI, where he 
was a member of the track squad, dramatics and journalism claimed some 
of his time. Music became a continuing resource. In later life his recrea- 
tions included playing the piano as well as sailing, skating, and golf. 

Dr. Yates, whose social fraternity was Kappa Alpha, was elected to two 
scientific honor societies: Gamma Alpha and Sigma Xi. Holding member- 
ship in the American Mathematical Society, the Mathematical Association 
of America, and the National Council of Teachers of Mathematics, he 
was at one period a governor of the MAA. He was also a member of the 
MAA's original ad hoc Committee on the Undergraduate Program in 
Mathematics (CUPM). In late 1961 he was selected by the Association 
of Higher Education as one of twenty-five "outstanding college and uni- 
versity educators in America' todax ," and on 4 February 1962 he was 
featured on the ABC-TV program "Meet the Professor." 

Dr. Yates had been interested in mathematics education before 1939. 
However, when he came to Louisiana State University, his work in this 
field began to expand. Owing to his elforts, the Department of Mathe- 
matics and the College of Education made some important changes in the 
mathematical curriculum for the training of prospective secondary school 
teachers. One of the most important additions was six semester hours in 
geometry. Dr. Yates was given this course to teach, and for a text he 
u.sed his first book. Geometrical Took. From this beginning his interest 
and work in mathematics education increased, while he continued to 
lecture and write in the areas of pure and applied mathematics. 

The attnosphere at West Point was (|uite a change for Dr. Yates. Mow- 
ever, even here he continued his activities in mathematics education. One 
of his duties was to supervise and conduct courses in the techniqties of 
teaching mathematics. These were courses designed for the groups of 
new instructors who joined the department staff atmually; for most of the 
faculty at the Acadeins', then as now, were active-duty officers who caine 
on a first or second tour of three to four years' duration. In performing 
this duty lie was considered a superior instructor and also an excellent 
teacher of teachers. 
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After leaving tluvserviei' Prolossor Yut(»s coiitiimod his efforts to improve 
mathematics ediicatioii. Diirinj; the summers he taiiiJiht in sex'eral different 
mathematics institutes, and he was a jjuest lecturer in many summer and 
academic-year institutes supported by the National Science Foimdation, 
in earlier year.s he both taught and lectured in the grandfather of all 
institutes, the one developed by Professor VV. W. Rankin at Duke Uni- 
versity. In Virginia and later in Florida he served as a consultant to 
teachers of mathematics in various school districts. During the academic 
years 1961/62 and 1962/63 the University of South Florida was engaged 
in an experimental television program. Professor Yates was the television 
lecturer in the course materials de\ eloped through this program. A.s a 
result of this program as well as the MAA lectureship program for high 
schools, supported by the NSF, he traveled to all parts of Florida giving 
lectures and consulting with high school teacliers. 

Through all these activities Dr. Yates greatly enhanced the field of 
mathematics education. He built up a reputation as an outstanding lec- 
turer with a pleasing, interest-provoking presentation and a rare abiility 
to talk while illustratim^ his subject. Those who have heard him will 
long remember hii^i and his great ability. Others will find that his writ- 
ings show, somev/fmf vicariously, tliese same characteristics. 

By his first wife, Naomi Sherman, who died in childbirth, he had three 
children. Robert Jefferson, the eldest, is now in business in California. 
Melinda Sii.san, the youngest, is now Mrs. Richard B. Shaw, the wife of a 
Missouri surgeon. Mrs. Shaw majored in mathematics at Mount Holyoke 
College and works as a computer programmer and systems analyst. The 
second child is Daniel Sherman. He is following in his father s footsteps 
and has completed his doctorate in mathematics education at Florida 
State University. He is a mathematics specialist at the Mathematics and 
Science Center, a resource center serving the public schools in the city 
of Richmond, Virginia, and in the counties of Chesterfield, Goochland, 
Henrico, and Powhatan. 

Dr. Yates passed away on 18 December 1963 and was interred in 
Arlington National Cemetery. 

HousTox T. KAnNEs 

Louisiam State University 



NOTATION 

x,y « I^ectrtn^tular Coord! mi tee* 

o,r ^ Polar Coordinate, (Radlue Vector). 

0 = Parmeter or Polar Coordlnite* 

c Inclination of T£ingent# 

i|i a AntMe between a Tangent and the Radluo Vector to Point of 
Tan<^ency» 

D a Arc Length. 

(J = Arc of Evoluto (or Standard Deviation)* 
p a DistMnce from Origin to Tangent. 

t T>etvj:th5 A - Area; V = Volume; X Surface Area. 

s: Surface of Revolution about the X-axla. 
Vj( Volume of Revolution about the X-axls. 
N Nomfil Length. 
R = Radluo of Curvature. 
K s Curvature. 

V = Velocity} a Acceleration. 

« _ iL ♦ • ^ A { t = Time or a Parameter). 

^ dx ' dt ' 

1 = /T. 

a = X + ly, a Complex Variable. 
f(s,^) = Ot The Whewell Intrinsic Equation. 
f(R,8) ^ 0: The Ceoaro Intrinsic Equation. 
f(r>p) r 0: The Pedal Equation. 
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PREFACE 



This volume proposes to supply to studont and teacher 
a quick vePovericQ on properties of plane curven. Rathor 
than a systematic or comprehensive study of curve theory 
.U is a oollectiop of information which might be found 
usefu? in the classroom and in enpilneerin^j; practice. Th( 
alphabetical arrangement is given to aid in the search 
for this information, 

it seemed necessary to incorporate sections on such 
topics as Svolutes, Curve Sketchin;^, and Intrinsic Equa- 
tiers to make the Items and properties listed under var- 
ious vurves readily understandable, If the bof> . is used 
as a text, it would be desirable to present the material 
in the followlnpt order: 



I 



ANALYSIS and SYSTHWS 



CURVES 



vauflticQ 
Curvature 
finvelopes 
Evoluteo 

l^unctione with Dlacontinuoua 



Astro Id 
Card ioid 

Caesinian Curvea 

Catenary 

Circle 

Cleeold 

Conchoid 

Conicfl 

Cubic Parabola 

Cycloid 

Deltoid 

fipl- and ^ypocycloid 

Exponential Curvee 

Folium of Deecartea 

Hyperbolic FHinctions 

Klerold 

Lemniecate 

Llmacon 

Nephroid 

Pursuit Curvoa 

Semi -cubic Parabola 

Splrala 

Strophoid 

Trac trlx 

Trigonometric Functions 
Witch 



Propertiea 
OlleQe^tea 

Instantanooue Centers 
Intrinsic Equations 
Inversion 
Involutes 
leoptio Curves 
Parallel Curves 
Ped^l Curves 
Pedal Equations 
liadlal Curves 
Roulettes 
Sketching 
Trochoids 
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PREFACE 

Since derivations of all properties would make the 
volume cumbersome and somewhat devoid of general inter- 
est, explanations are frequently omitted. It is thought 
possible for the reader to supply many of them without 
difficulty. 

Space is provided occasionally for the reader to In- 
sert notes, proofs, and references of his own and thus 
fit the material to his particular interests, 

It is with pleasure that the author acknowledges 
valuable assistance in the composition of this Vofk. 
Mr. H. T. Guard criticized the mariuscript and offered 
helpful suggestions; Mr. Charles Roth and Mr. William 
Bobalke assisted in the preparation of the drawings; 
Mr. Thomas Vecchio lent expert clerical aid. A|)preGla- 
tion is also due Colonel Harris Jones who encouraged the 
project. 

Robert G. Yates 
West Point, N. Y. 
June 194? 

For an Informative account see "Historical Stages 
In the Definition of Curves" by C. B. Boyer In National 
Mathematics Magazine, XIX (ig'*'*-^) 29'*-310. 
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ASTROID 



HISTORY! The Cycloldal curves, Including the Astroid, 
w©pe discovered by Roemer (16?^) In h:!,s search for the 
best form for gear teeth. Double generation was first 
noticed by Daniel Bernoulli in 1725. 



1. DESCRIPTION! The Aatroid la a hypocyclold of four 
ousps: The locus of a point P on a circle rolling upon 
the inside of another with radius four times as large. 




Fig. 1 



(b) 



Doubl e feneration ! It may also be described by a point 
on a circle of radius rolling upon the inside of^a 
fixed circle of radius a. (See Spicyclolds) 



ASTRO© 



2, EQUATIONS: 



V - Si - 



S =; (•^) •COS 2 <p 



X c= a co^^t = cos t COS Jt) 

y = a sln^t « sin t - sin Jt) 



2£ 



METRICAL PRUPERTTES: 
L « 6a 



— a 



105 



- t 



Jl. GENERAL tTOMSi 



A = (|)(na'^) 

R = (•^) -aln 2t = 5 Vaxy 



(a) Its ov..lute is ar.other Astroid. [See Evolutes 
Jl(b) .) 

(b) It is the envelope oT a family of Ellipses, the 
sum of whose axes is constant. (Fie 2b) 




Fig. 2 



ASTROID 3 

(c) The lenf>th of Us. tangent Intercepted between the 
cusp tangent 3 "is constant. Thus it is the envelope 
of a TvaimiiPl of Archimedes. (Pig. 2a) 

(d) Its orthoptic with respect to its center is the 
curve 

= (^).cos^ 2U. 

(e) Tangent Construction ; (Fig. l) Through P draw the 

circle with center on the circle of radius-^ which 

is tangent to the fixed circle as at T (left-hand 
figure). Since the instantaneous center of rotation 
of P is T, TP is normal to the curve at P. 



BIBLIOGRAPHY 

Edwards, J.: Calculus , Macmillan (1892) j537. 
Salmon, 0.: Hipiher Plane Curves , Dublin (1879) 278. 
Violeitner, H. : Spezielle ebene. Kurven . Leipzig (I908). 
Williamson, B. : Differential Calculus . Longmans, Oreen 

(1893) 339. 
Section on Epicycloids , herein. 
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CARDIOID 



HISTORY! The Cardiold is a member of the famllv of Cy- 
cloldal Curves, first studied by Roemer (I674) In an In- 
vestigation for the best form of gear teeth. 

1. DESCRIPTION: The Cardiold is an Epicycloid of one 
cusp! the locus of a point P of a circle rolling upon 
the outside of another of equal size. (Plg. -j,a) 



/ 



/ 



< I ■ t 



— 4^ 




(a) Fig. 3 (b; 

Double Generation ; (Pig. jb). Let the curve be gen- 
erated by the point P on the rolling circle of radius a. 
Draw ET', OT'P, and PT' to T. Draw PP to D and the circle 

through T, P, D. Since angle DPT « |, this last circle 

has DT as diameter. Now, PD is parallel to T'E and from 
similar triangles, DE a 2a. Moreover, arc TT' » ^ 
arc T'P = arc T'X. Accordingly, 

arc TT'X = 2ao « arc TP. 



CARDIOm § 

Thus the curve may be described as an Epicycloid In two 
ways: by a circle of radius a, or by one of radius 2a, 
rolling as shown upon a fixed circle of radius a. 

2. EQUATIONS: 

(x^ + y^ + 2ax)^ =. 4a2(x^ + y^) (Origin at cusp). 

r « 2a(l + cos e), r = Sr(1 + sin 0) (Origin at cusp). 

9(r^ - a^) a 8p^. (Origin at center of fixed circle). 

X a a(2 cos t - cos 2t) 

. , z a a(2e" - e^*^). 
y s a(2 sin t - sin 2t) 

"r® = 4ap^. s = 8a'cos(*). 

9r2 + = 64a^. 

3. METRICAL PROPERTIES: 



L = l6a. 



6Jta= 



, » (|)t 2x - (^)(na-) 

R a •Sv/^ar for r = a(l - cos e) . 

4. GENERAL ITEMS: 

(a) It Is the inverse of a parabola with respect to 
Its focus. 

(b) Its evolute Is another cardlold. 

(c) It Is the pedal of a circle with respect to a 
point on the circle. 

(d) it is a special limacon ; r « a + b cos 9 with 
a « ^ • 

(e) It is vie caustic of a circle with radiant point 
on the circile. 

(f) The tangents at the three points whose sub- 
tended angles, measured at the ouspi differ by 

^ are parallel* 

(g) The si^ of the distances from the cusp to the four 
intersections with an arbitrary line is constant. 
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CARDIOm 



(h) Cam. IV the cardiold be pivoted at the cusp and 
rotated with constant angular velocity, a pin, con- 
•.tralred to a i\:x-d ntr>a:,-ht i;r..^ and bearing: on the 
Jax-^dioid, will move with tjlmple hannonic motion. Thu 
for 

r = a(l + cos 'j) , . 
V « '(a sin 0)6, 

-(a cos 0)6^ - (a siu U)0. 
ir u = k, a constant: 

l-^ = -k^'ia cos u) -k^(r > a), 

or 

d ' 

- a) = '^k^(r - a), 

the differential equation characterizing the motion 
of any point of the pin. 




t 

(i) The curve is the locus of the point P of two 
-similar (Proportional) crossed parallelograms, Joined 
ac shown, with points 0 and A fixed; 



CARDlOm 7 

AB = OD = b; AO =*B1) = CP - a; BP = DC - c = b + 2a. 
Hnd . =: be . 

At all times, angle PCO « ^ « anf^ile CUX. Any point 
rigidly attached to CP describes a Limacon, 



BIBLIOGRAPHY 

Keown and Faires: Mechanism , McGrav Hill (1931). 
Morley and Morley: Inversive Geometry , Ginn (1933) 239. 
Yates, R.C.: Geometrical Tools > Educational Publishers, 
St. Louis (19^9) 182. 



CASSINIAN CURVES 



HISTORY: Studied by Giovanni. Domenico Cassinl In I68O In 
connection vJ th the relative motions of earth and sun. 

1. DESCRIPTION: A Cassinian Curve is the locus of a point 
P the produt;': of whose distances from two fixed points 
Pi, Fz is constant (here ^ k^) . 




Fig. 6 

2. EQUATIONS: 

[(x - a)^ + y^]* [(x + a)« + y^] . k\ 

+ a'* - 2r^a^ cos 20 « k^, 
\Fx = (-a,o) Pg ^ (a,o)] 



5* METRICAL PROPERTIES: 

(See Section on Lemniscate) 



CASSINIAN CURVES 



4, GENERAL ITEMS: 



(a) Let b - a be the inner 
radius of a torus whose gen- 
erating circle has radius a. 
The section formed by a plane 
parallel to the axis of the 
torus and distant a units from 
it is a Cassinlan."" If b « 2a 
this plane is an inner tangent 
to the surface and the section 
is a Lemulscate , 

(b) The set of Cassin.^an Curves 
(x^ + y^)^ + A(y^ - x^) 

+ B = 0, B ^ 0, 
inverts into itself, 

(c) IV k ^ bl, the Casslnlan 
is the Lemnlscate of 
Bernoulli; r^ =» ga^cos 




Fig, 7 



a curve that is the inverse 
and pedal , with respect to 
its center, of a Rectangular Hyperbola* 

(d) The points P and P' of the linkage shown in 
Pig» 8 describe the curve* Here AD = AO = OB » a; 



DC « CQ EO - OC - ; 



CP » PE a EP* = P'C = d. 



/ / 




Fig. 8 
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10 CASSmiAN CURVES 

Let the coovdluaU^?. o:' Q ar.ci P be (p,u) and (r,o), 
respr-livoly. Sir.-- D, ar.d (> lie O!: a circle with 
opKt.^-- ai i;, .1 In atui ^'Q aro' alvayi: at pi^;:ht 

an.v'ile?. Thue 

The attached Peauc,;.llior cell Ir.verar. the point Q to 
P under tlie property 

v(v - p) = d^* « . 

Thus, -llir.Inat li'i- p i>r-twr-M. iho lart two relations: 



(d* 



or, Ir. rectatw'ulap coord: !;ates : 

(x^ -f y^)^ + Ax^ + By^ 4- C = 0, 
a -upve that may :)e Identified an a Casciinian if 

(e) The Iccur: or the flex putntK of a family of con- 
focal Car<::r>.Iati curves !- a Lemn lacate of Bernoulli 
(Fir. o). 



5. POINTWISE CONSTRUCTION: 




Fig. 9 



Let the foci, 
Fip:. 9, be Fx, 
Fzi the con- 
stant product 
k^. Lay off 
FiC ^ k perpen- 
dicular to FiPfi, 
Draw the circle 
with center Pi 
and any radius 
FiX. Draw CX 
ar.d ItB perpen- 
dicular CY* 
Then 



(FiX)*(FiY) = 



CASSINIAN CURVES 
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and thus PiX and FxY ar^e focal radii (measured from Pi 
and Pg) nf a point P on the curve. (From symmetry, four 
points are construe tible from these two radii.) M is the 
midpoint of F1F2 and A and B are extreme points of the 
curves* 



BIBLIOGRAPHY 

Salmon, 0.: Higher Pla ne Curves , Dublin (1879) ^^>126. 
Willson, F. N.: Gra phics , Graphics Press (I909) 7^*. 
Williamson, B.: Calculus , Longmans, Green (1895) 255,333» 
Yates, R.C.: Geometrical Tools , Educational Publishers, 
St. Louis (19^9) 186/ ' 



CATENARY 



HISTORY: Galileo was the first to Investigate the Cafce-^ 
nary which he mistook for a Parabola. James Bernoulli 
in I69I obtained its true form and gave some of its 
properties. 



1. DESCRIPTION! The Catenary is the form assumed by a 
perfectly flexible Inextensible chain of uniform density 
hanging from two supports not in the same vertical line. 




Pig. 10 



2. EQUATlONBt If T is the tension at any point P, 
T co3> a ka 
T Bin 9 a k3 



s sa ay' =s a tan f aR ts -f 9^ 



y « a.co8h(^) « (^)(e + e ) ; y* 



a T s • 



CATENARY 

METRICAL PROPERTIES; 

A = B's a 2(area triangle PCB) 

N a -R. 
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Ev = n(ys + ax) 



'X 

Vx 



GENERAL ITEMS: 



(a) The tangent at any point (x,y) is also tangent to 
a circle of radius a, with center at (x,0). 



[y « sinh(f) 



as 



(b) Tangents drawn to the curves y 

X 



X 

el y 



.X 



a cosh ^ at points having the same abscissa are 
a 



concurrent. 

(c) The path of B, an involute of the catenary, is 

s \ 

the Tractrix. (Since tan « « "^i « s). 

(d) As a roulette , it is the locus of the foqus of a 
parabola rolling along a line. (See EnvelopeS j 5g)» 

(e) It is a plane section of the surface of leaaj &rea 
(a soap film catenoid) spanning two circular diskSi 
Pig. 11a. (This is the only minimal surface of revolu- 
tion . ) 




(a) 



rig. 11 
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(f) It Is a plane section of a sail bounded by two 
rods with the wind perpendicular to the piano of the 
rods, auch that the prestuir*;^ on atiy element of the 
sail is normal to the element and proportional to the 
square of the velocity, Fig, lib. (See Routh) 
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CAUSTICS 



HISTORY: Caustlas were ^irat Iiitroduced and studied by 
Tschirnhausen .In 168?. Other oontrlbutoru were Huygens, 
Que te let, Lagran^^e, and Cayley. 

A cau$_ t.!.c curve is the 
envelope of light rays, 
emitted from a ladiant 
point source S, after re- 
flection or refraction by 
a given curve f » 0, The 
caustics by refle<^^lon 
and refraction are called 
catacaustlc and dlacaus- 
tic , respectively. 

Flg» 12 

8. An orthotomic curve (or seconaary caustic) is the 
locus of the point B, the reflection of S in the tangent 
at T» (See also Pedal Curves.) 

3. Th^ instantaneous center of motion of "5 is T. Thus 
the caustic is the envelope of normals i TQ, to ^the £rtho- 
tmio I i>e.> the caustic is the evolute of the ortho - 
tomic > 

4. The locus of P is the pedal of the reflecting curve 
with respect to S. Thus the orthotomic is a curve siml - 
lar to the pedal with double Its linear dimensions. 
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5. The Catacaustlc of a circle is the e volute of a lima^ 
con whose pole Is the radiant point. With usual x,y axes 
(radius radiant point (c,u)], the equation of the 
caustic is? 

For various radiant points C, these exhibit the fol- 
lowing forms? 




(e) fig. 13 (f) 
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6* In two particular cases, the caustics of a circle of 
radius a may be determined in the following elementary 
way : 




(a) 

With the source S at *, 
the incident and reflected 
rays make angles 0 with 
the normal at T. Thus the 
fixed circle 0(A) of 
radium a/S has its arc AB 
equal to the a'^c AP of the 
circle through A, P, T of 
radius aAi The point P of 
this latter circle gener- 
kt^d the Nephroid and the 
reflected ray TPQ is its 
tangent (AP is perpendicu- 
lar to TP ) • 




(b) 

With the source S on the 
circle^ the incident and 
reflected rays makes angles 
e/2 with the normal at T* 
Thus the fixed circle and 
the equal rolling circle 
have arcs AB and AP pQual* 
The point P generates a 
Cardlold and TPQ is its tan* 
gent (AP is perpendicular 
to TP). 



Fig. lU 



These are the bright curves seen on the surface of cof- 
fee in a cup or upon the table inside of a napkin ring. 
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7* I'M Caustic s by Hefraotlon ( Plac^austlcs ) at a Line J^, 
SQ ia l.r;«:.Ident, QT rofraoteci, and S is the (Reflection of 
S ill L. pffjcluoo TQ^tu the var'Uible circle drawn 

throu/r'h S, Q, and S in P. Let the angles of incidence 

and refract ion be Oi and and fx = — ilL-^ ^j^^ index 

_ sin 

of refraction. Now SP and SP make equal angles with the 
refracted ray PQT. Thus in passing from a dense to a 
rare medium (Oi < U^) and vice versa (Ua > Og); 



A \^ 




Fig. 



1^^ 



sin Ui AS 
sin Oa PS 



AS 
PI3 
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U s 



AS -f AS 33 

PS + PS " PS + PS 



Thus, since SS Ir. .!on«tart, 

PS + PS =: SS/[X 

a constant. The locus oV P 
Is then an ell ipse with S, 
3 as foci, major ax's SS/ii , 
eccentricity [x, ar.d with 
PQT as its normal. Thie 
envelope of these rays PQT, 
normal to the ellipse, is 
its evolute, the caustic, 
(Pig. 16) 



A'S - At 



PS - PS PS - PS 



SS 



Thua, since SS is constant, 
Pi - PS =: SS/lA 

a constant. The locus of P 
is then an hyperbola w.l th 
S, *S as foci, major axis 
SS/fx , eccentricity !A, and 
with PQT as its normal. The 
envelope of these rays PQT, 
normal to the hyperbola is 
its evolute, the caustic. 
(Fig- 17) 




Pig. 16 Pig. 17 

8. SOME EXAMPLES: 

(a) If the radiant point is the focus of a parabola, 
the caustic of the evolute of that parabola is the 
evolute of another parabola * 
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(b) If the radiant point is at the vertex of a re- 
flecting parabola, the caustic is the evolute of a 
cissoid . 

(c) If the radiant point is the center of a circle, 
the caustic of the involute of that circle is the 
evolute of the spiral of Archimedes . 

(d) If the radiant point is the center of a conic, the 
reflected rays are all normal to the quartic 

r^ = A cos 28 + B, having the radiant point as double 
point. 

(e) If the radiant point moves along a fixed di<ftineter 
of a reflecting circle of radius a, the two cusps of 
the caustic which do not lie on that diameter move on 

the curve r » a'cos(~). 

(f) If the radiant point is the pole of the reflecting 
spiral r « ae^ * , the caustic is a similar spiral # 

(g) If light rays parallel to the y-axis fall upon the 
reflecting curve y « e^, the caustic is a catengrj. 

(h) The orthotomic of a parabola for rays perpendlcu* 
lar to its axis is the sinusoidal spiral 

r » a* sec®('^) . 
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THE CIRCLE 



1. DESCRIPTION: A circle is a plane continuous curve all 
of whose points are equidistant from a fixed coplanar 
point. 



2. EQUATIONS: 



(x . h)^ + (y - 




a^ 


x^ + + 


Ax + By + C 


= 0 


x^ + y^ 


X 


y 


1 


xi^ + yi^ 


Xi 




1 


X2^ + y2^ 


X2 




1 


xa^ + ya^ 


X3 


ya 


1 



METRICAL PROPERTIES: 

L = 2na 2 = 4na^ 




4. GENERAL ITEMS: 



X a h + a cos 0 
y = k + a sin Q 

3 0 s 3 a f 

H s a 
pa s 

R « a 



(a) ^jhe Secant Property . Pig. 18(a) • If lines are 
drawn from a fixed point P intersecting a fixed 
circle, the product of the segments in which the 
circle divides each line is constant; i.e., PA-PB 
3 PDipC (since the arc subtended by I BCD plus that 
subtended by L BAD is the entire circumference, tri- 
angles PAD and PBC are similar). To evaluate this 
constant, p, draw the line through P and the center 0 
of the circle. Then (PO - a)(PO + a) « p a (PO)^ - a^. 

The quantity pis called the power of the point P with 
respect to the circle. If p <,=»,> 0, P lies re- 
spectively inside < on, outside the circle. 
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(h) Fig. 18 (b) 

The locujo of all points P which have equal power with 
rerpect to two fixed circles Is a line called the 
radical axis of the two circles. Ir the circles inter- 
sect, the radical axis is their coimnon chord. 
Fig. 18(h). 

The three radical axes of three circles intersect in 
a point called the r adical center , a point having 
equal power with respect to 6?ach of the circles and 
equidistant from them. 

Thus to construct the radical axis of two circles, 
first draw a third arbitrary circle to intersect the 
two. Common chords meet on the required axis, 

(b) Similitude . Any two coplanar circles have centers 
of similitude; the intersections I and E (collinear 
with the centers) of lines Joining extremities of 
parallel diameters. 

The six centers of similitude of three circles lie by 
threes on four straight lines. 

The excenter of similitude of the circumcircle and 
nine-point circle of a triangle is its orthocenter. 



THE CIRCLE 




Fig, 19 

(c) The Proble m of 
Apollonius is that of con- 
structin^: a circle tangent 
to three r,lvex\ non-coaxal 
circles (generally eight 
solutions). The problem 
is reducible (see Inver- 
sion) to that of drawing 
a circle through three 
specified points. 

Fig, 20 
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2H THE CIRCLE ^ 

Trains . A series of circles each drawn tangent to 
two ven non-intersecting circles and to another mem-- 
bor of the series*. Is called a Uraii;. Tt is not to be 




Fig. 21 



expected that such a series t:;:enerally will close upon 
itselr. If such is the case, however, the series is 
called a Steiner chain « 

Any Steiner chain can be inverted ^nto a Steiner 
chain tangent to two concentric circles. 

Two concentric circles admit a Steiner chain of n 
circles, encircling; the common center k times if the 
angle subtended at the center by each circle of the 
train is commensurable with 560°, i«e., equal to 

{~){%o°). 

If two circles admit a Steiner chain, they admit an 
infinitude of such chains. 



THE CIRCLE 
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(e) ArbeXos. The 
figure bounded by 
the semicircular 
arcs AXB, BYC, AZC 
(A,B,C collinear) 
is the arbelos or 
shoemaker ^8 knife . 
Studied by Archi- 
medes, some of its 
properties are: 




Fig, 22 



2, Its area equals 
the area of the circle on BZ as a diameter. 

3» Circles inscribed in the three-aided figures ABZ, 

CBZ are equal with diameter 

4. (Pappus) Consider a train of circles co# ci, C2# 
all tangent to the circles on AC and AB (cq is 
the circle BC)* If rn is the radius of Cn# and hjj the 
distance from its center to ABC, 



hn « 2n*rn (invert, using A as center*) 
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CISSOID 



HISTORY; Diodes (between 250-100 BC) utilised the ordi- 
nary Closoid (a word from the Greek meaning "ivy") in 
finding two mean proportionals between given lengths a,b 
(i.e., finding x such that a, ax, ax^, b form a geometric 
progression. This is the cube- root problem since 

x^ Generalizations follow. As early as 1689# 

a 

J, C, Sturm, in his Mathesis Enucleata, gave a mechanical 
device for the construction of the Cissold of Diodes • 



1. DESCRIPTION: Given two curves y » fi(x), y « fe(x) 

and the fixed point 0, Let 
Q and R be the intersections 
of a variable line through 0 
with the given curves. The 
locus of P on this secant 
such that 

OP = (or) - (OQ) « OR 

is the Clssoid of the two 
curves with respect to 0. 
If the two curves are a 
line and a circle, the 
Fig, 23 ordinary family of Clssoids 

Is generated. The discus- 
sion following is restricted to this family. 

Let the two given curves be a fixed circle of radius 
a, center at K and passing through 0, and the line L 
perpendicular to OX at 2(a + b) distance from 0. The 
ordinary Cissold is the locus of P on the variable 
secant through 0 such that OP » r « QR. 

The generation may be effected by the intersection P 
of the secant OR and the circle of radius a tangent to 
L at R as this circle rolls upon L. (Pig* 2h) 
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The curve has a cusp 



ir b =2 0 (the Cis- 
sold oi* Dluclej?) ; a 
double point IT tho 
rolling circle 
passes between 0 and 
K. Its as^TTtptote is 
the line L. 




Fig, 2k 



2. EQUATIONS! 

r « S(a + b)sec e - 2a cos o. ^ [x-2(a+b)) 

2'fb + (a + b)t^] 
" (1 + t^) 

, 2'[bt (a I b)t^] 
^ (1 + t^) 

(if b « OS r a 2a-sin y tan Oi « Y2a^x) ' 
Cissoid of Diodes) » 

5. METRICAL PROPERTIES! 

Cissoid of Diocles! V(rev. about asympi) « 2n^a^ 

x(area betw» curve and asytnpja- 



A(area b^tv. curve and asymp* ) =4na^ 



as 



CBSOID 



4. GENERAL ITEMS: 




(a) A family of these 
Cisooids may be generated 
by the Peaucelll^r oell 
arrangement shown. Since 
(OQ)(QP) « k.^ « 1, 
2c •cos e(2c«cos 8 f r) a 1 

or 

r » ('^)sec 0 - 2c*cos 6, 

which, for c < « > 'I 

has, respectively, ng 
loop , a cusp, a loop « 



Fig. 25 



(b) The Inverse of the family In (a) ia, If r*p 
(center of inversion at o) 

y^ + x^(l - 4c^) = 2cx, 

an Ellipse , a Parabola , an Hyperbola If c < « > 

respectively. (See Conies, 17), 



1, 




Jk 



(c) Cissoids may 
be generated by 
the cari^enter ^s 
square with 
right angle at 
Q (Newton) • The 
fixed point A 
of the square 
moves along dA 
while the other 
edge of the 
square passes 
through 6, a 
flX6d point on 
th6 line BO per- 
pendicular to 



Fig. 26 
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AC« The path or P, a fixed point cn AO descx'ibea the 
curve* 

U^t AP a OB a b, and BC « AQ = 2a, vith 0 the origin 
of coordinates • Then AB « 2a •sec 0 and 

r a 2a • sec 0 - 2b«cos e • 

The point Q describes a Strophoid (See Strophoid 5e)« 



(d) Tangent Construction : (See Fig* 26) A has the 
direction of the line CA while the point of the square 
at B moves in the direction BQ« Normals to AC and BQ 
at A and B respectively meet in H the center of rota* 
tion* HP is thus normal to the path of P« 



(e) The Cissoid a ^ - ^^ Is the pedal of the 
Parabola y^ -'*ax vith respect to its vertex* 



(f) tt is a special Kierold. 



(e) The Cissoid as a roulette ; One of the curvess is 
the locus of the vertex of a parabola which rolls upon 
an equal fixed one# The common tangent reflects the 
fixed vertex into the position of the moving vertex* 
The locus is thus a curve similar to the pedal with 
respect to the vertex* 



(h) The Cissoid of an algebraic curve and a line is 
itself algebraic * 
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(i) Tho Cle^sulcl ci' a line and a circle vitl: recpect 
to Itp center la the Con j hold o£ Nic otne den « 



(j) The Strophold Is the Cissoid of a circle and a 
1 through its center with respect to a point of the 
c.*"cle« The Cissoid of Diodes is used in the desi/^^n 
of planinp: liulls (See Lord), 



(k) The Cissoid of 2 cor;centrlc G:rcles vith rejspect 
to their center is a circle. 



(l) The Cissoid of a pair of parallel lines is a line. 
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CONCHOID 



HISTORY: Nlcomedes (about 225 BC) utilized the Conchoid 
(from the Greek meaning "shell-like") In finding two mean 
proportionals between two given lengths (the cube-root 
problem) • 

1. DESCRIPTION: Given a curve 
and a fixed point 0. Points 
Pi and p£ are tak^n on a 
variable line through 0 at 
distances + k from the inter- 
section of"the line and 
curve. The locus of Pi and Pg o 
is the Conchoid of the given ©T' 
curve with respect to 0. 

Fig. 27 

The Conchoid of Nlcomedes is the Conchoid of a Llne# 




Fig. 28 



The Litltftcpn of Pascal is a Conchoid of a circlei with 
the fixed point upon the circle. 
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2. EQUATIONS: 

General: Let the given curve be r « f(e) and 0 be the 
origin. The Conchoid is 

r a f(e) + k. 

The Conchoi d of Nicomedes (for the figure above) is: 

r « a»csc e + k, (x^ + y^)(y - a)^ « k^y^, 

which has a double point , a cusp^ or an isolated 
point if a < = > k, respectively. 



5* METRICAL PROPERTIES: 



4, GENERAL ITEMS: 

(a) Tangent Construction. (See Pig. 28). The perpen- 
dicular to AX at A meets the perpendicular to OA at 0 
In the point H, the center of rotation of any point 
of OA, Accordingly, HPi and HPg are normals to the 
curve. 
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(b) Thf Trl section of en Angle XOY by the marked ruler 
involves the Conchoid 
of Nicomedes, Let P and 
Q be the two ma:^kr or. 
the ruler 2k units 
apart. Construct BC 
parallel to OX such 
that OB a k. Draw BA 
perpendicular to BC. 
Let P move along AB 
while the edge of the 
ruler passes through 
0. The point Q traces 
a Conchoid and when 
this point falls on BC 
the angle Is trisected. 



Fig. 29 

(c) The Conchoid of Nlcomedes is a special Kieroid* 
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!• DESCRIPTION: A cone is a ruled surface all of whose 
line elements pass through a fixed point called the 
vertext 

2, EQUATIONS: Given two surfaces f(x,y,z) = 0, 
g(x,y,z) = 0. The coiie through their conunon curve with 
vertex V at (a,b,c) is found as follows. 

Let Pi:(xi,yi,Kx) be on 
the given curve and 
Pj(x,y,z) a point on the 
cone which lies collinear 
with V and Pi. Then 

tl - a = k(xi - a), 




y - b = k(yi - b), 
2 - c a k(zi - c), 



f( 



(x 



Fig. 50 



+ a, 



(x - a) ^ 



a, 



(y ' bj 

k 

(y - b ) 

k 



for all values of k. 
Thus the curve 

f(xi,yi,zi) « 0 
g(xi,yi,zi) « 0 
produces the cone: 
(z - c) 



+ b, 



4- c] 



(z - c) 



4- c] 



Since this condition must exist for values k, the 
elimination of k yields the rectangular equation of the 
cone • 



*ThU8 any equation homogeneous in x,ypz ie a cone with vertex at 
the orl,*in. 
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EXAMPLES: The cone with vertex at the orlpjln contain- 
ing the curve 



X + 



iB 



a - k a 0 



or t > 22^ - 0, 



The cone with vertex at the origin containing the curve 



x^«2x + y^-4y = 0 



Is 



- Uy 3 0 



t^-2tat + y^-. Uky* 0 



2^ - 4ky « 0 



or 2x^y - X2^ 2y^ - gyz^'iiOt 



The cone with vertex at (1,2,3) containing the curve 

[(x-l)^My-2)^l [2(xa)tl»(y,2)l g( a>3) , ^ 



X^+y^-22 a 0 



2 • ^ « 0 



(2 - 3) 
k 



- 1 » 0 



or (x-l)^^(y-g)^^2(x^l)(2-3)^My ■2)(aO)OMg-3)^*0 . 
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CONICS 



HISTORY: The Conies seem to have been discovered by 
Menaechmus (a Greek, 375- 32 5 BC), tutor to Alexander the 
Great* They were apparently conceived in an attempt to 
solve th.^ three famous problems of trisecting the angle > 
duplicating the cube , and squaring the circle. Instead 
of cutting a single fixed cone with a variable plane, 
Menaeclimus took a fixed intersecting plane and cones of 
varying vertex angle, obtaining from those having angles 
< a > 90^ the Ellipse, Parabola, and Hyperbola respec- 
tively. Apollonius is credited with the definition of 
the plane locus given first below. The ingenious Pascal 
announced his remarkable theorem on inscribed hexagons 
in 1639 before the age of 16. 



1. DESCRIPTION: A Conic is the locus of a point which 
moves so that the ratio of its distance from a fixed 
point (the focus) divided by its distance from a fixed 
line (the directrix) is a constant (the eccentricity e), 
all motion in the plane of focus and directrix (Apol- 
lonius). If e< , n, > 1, the locus is an Ellipse, a 
Parabola, an Hyperbola respectively. 




fig. 31 



_ ek 
(1 i e sin 6) 



#ic 

(1 1 d doje) 
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2. SECTIONS OP A CONE: Consider the right circular cone 
of angle p cut by a plane 
APPD which makes an angle 
* with the base of the cone. 
Let P be an arbitrarily 
chosen point upon their 
curve of intersection and 
let a sphere be Inscribed to 
the cone touching the cut- 
ting plane at F. The element 
through P touches the sphere 
at B. Then 

PP « PB. 

Let ACBD be the plane con- 
taining the circie of interr 
section of cone and sphere. 
Then if PC is perpendicular 
to this plane I 

PC«(PA)sina- (PB)sin j/i m 
(PP)sln 

or 

(PP) sin g 

Ipa) ■ "sirl " ®' 52 

a constant as P varies (a, j5 constant ). The curve of inter- 
section is thus a conic according to the definition of 
Apollonlus* A focus and corresponding directrix are P 
and AD| the Intersection of the two planes* 

NO^t It is evident now that the three types of conies 
may be had in either of two ways: 

(A) By fixing the cone and varying the intersecting 
plane {j^ constant and a arbitrary); or 

(b) By fixing the plane and varying the right circular 
cone (a constant and ^ arbitrary). 

With either choice i the intersecting curve is 

an Ellipse if a < fi$ 
a Parabola if a « fJ , 
an Hyperbola if a > f> • 
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3. PARTICULAR TYPE DEMONSTRATIONS; 
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It aeems truly remarkable that these spheres, inscribed 
to the cone and its cutting plane, should touch this 
plane at the foci of the conic ~ and that the directrices 
are the intersections of cutting plane and plane of the 
intersection of cone and sphere. 

4. THE DISCRIMINANT: Consider the general equation of 
the Conic: 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + P « 0 

and the family of lines y = rax. 




Fig. 3^ 

This family meets the conic in points whose abscissas 
are given by the form: 

(A + 2Bm + Cm*)x* + 2(D + Em)x + P « 0. 
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If there are lines of the family vhlch cut the ourve In 
one and only one pointy* then 

A + SBm- + Cm » 0 or m » , 

The Parabola la the conic for which onl y one line of the 
family cuts the curve Just once* That is, for vhloht 

- AC » 0. 

The Hyperbola is the conic for which tvo and only t"yyo 
lines cut the curve Just once. That Js, for which: 

- AC > 0* 

The Ellipse is the conic for which no line of the family 
cuts the curve Just once, Th^t Is, for which: 

B^ - AC < 0. 

5. OPTICAL PROPERTY: A simple demonstration of this out- 
standing feature of the Conies is given here in the case 
of the Ellipse. Similar treatments may be presented for 
the Hyperbola and Parabola. 

The locus of points P for 
which PiP + PaP ■ 2a, a con- 
stant, is an Ellipse* Let 
the tangent to the curve be 
drawn at P. Now P is the 
only point of the tangent 
line for which PiP + FaP is 
a minimum* Por, consider any 
other point Q« Then 

PiQ + PaQ > PiR + PaR • 8a • 
PiP + PaP# 

But if FiP + PaP is a 
minimum, P must be col- 
linear with Pi and 7a i the 
reflection of Fa in the 



# 

A point of tangenoy here ie oountdd algebraically as two points, 
the "point at is exeluded* 
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tangent. AcGordincly, since a » fJ* the tangent bisects 
^'l^ angle rorrr.ed by the focal radii « 




o. POLES AND POLAHS; Consider the Conic j 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + P = 0 

and the point P;(h,k). 

Tlie line (whose equation 
has the form of a tangent 
to the conic) i 

Ahx + B(hy + kx) + Cky 

+ D(x + h) + E(y + k) 

«f P a 0*tf***f«««***(l) 

is the polar of P with 
respect to the conic and 
P is its pol e * 

Let tangents be drawn 
from P to the curve, meet- Pig* 36 

ing it in (xi,yi) and 

(Xe,ye)* Their equations are satisfied by (h,k) thusj 

Ahxi + B(hyi + kxi) + Ckxi + D(xi + h) + E(yi + k) + P - 0 

AhX2 + B(hy2+kX2) + Ckxa + D(Xfi + k) + E(ys+lc) + P - 0, 

Evidently, the polar given by (l) contains these poirta 
of tangency since its equation reduces to these Identl 
ties on replacing x,y by either xi,yi or X2,y2. Thus, 
if P is a point from which tangents may be drawn, its 
polar is their chord of contact* 

Let (a,b) be a point on the polar of P. Then 

Aha + B(hb + .ka) + * • * + P a 0. 

This expresses also the condition that the polar of 
(a,b) passes through (hjik). Thus 
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IV P lies orj the polar of 5, then £ lies on Uie polar 
of P, 

Ir. other words, IV a point move on a fixed line, Its 
polar passes throup;h a fixed point, and conversely. 

Note that the location of P relative to the conic does 
net affect the reality of its polar. Note also that if P 
lies on the conic, its polar is the tangent at P. 



7. HARMONIC SECTION: Let the line through Pg meet the 

conic in Qi,Qs and its polar 
In Pi. These four points 



The segments PsQi* PfiPi* PeQfi are in harmonic progres- 
sion. That iss 




form an harmonic set and 




Fie* 57 



and Qs divide the segment 
PiPa internally and extern- 
ally in the same ratio, and 
vice versa. In other words, 
given the conic and a fixed 
point Pg! A variable line 
through P2 meets the conic 
in Qi,Q8. The locus of Pi 
which, with Pg, divides 
Q1Q2 harmonically is the 
polar of Pa. 



g 1 . 1 

(PfiPi) ° (PeQi) {fM 
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8. THE POliAR OP P PASSES THROUGH R AND S, THE INTERSEC- 
TIONS OP THE CROSS- JOINS OP SECANTS THROUGH P. (Plg. 38a) 




(a) 



Fig, 38 



(b) 



Let the two arbitrary secants be axes of reference (not 
neceasarlly rectangular) and let the conic (Plg. 38b) 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + P = 0 

have intercepts ai,a2; bi,b2 given as the roots of 

Ax^ + 2Dx + F = 0 and Cy* + 2Ey + P » 0 , 

Prom these 



JL 




ai 


ag 






hi 





2£ 

p 

P 



or 



or 



Nov tho polar of P(0,0) is Dx + Ey + P « 0 
or 

ai ag bi os 
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The cross- Joins are: 

+ ^ - ] and -f^ + « 1 . 
The family of lines through their intersection Rt 

f- + -{^ - 1 + + ^ - 1) - 0. 

contains, for x « 1, the polar of P, Accordingly, the 
polar of P passes through R, and by inference, through S« 



This affords a simple and classical construction by the 
straightedge alone of the tangents to a conic from a 
point ft 




fig. 39 



Draw arbitrary secants from P and, by the intersections 
of their cross- Joins, establish the polar of P* ©lis 
polar meets the conic in the points of tangencyi 
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9« PASCAL'S THEOREM: 



One of the most far reaching and productive theorems 
in all of geometry is concerned with hexagons inscribed 
to conies. Let the vertices of the hexagon be numbered 
arbitrarily* 



1, 2, 3, V, 2> 



The intersections X, 2 of 



the Joins (l,2»;l»2) 
(1|3*|1S3) (2,V}2',3) are 
colllnear, and conversely . 
Apparently simple in character, 
it nevertheless has over 400 
corollaries important to the 
structure of synthetic 
geometry. Several of these 
follow. 




Fig. ko 



# 

2'enut)i1)djrin^i tn&tijr auoh Pnecal lined domepond to a elngle 
iti8di*lbsd hexagon « 
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10. POINTWISE CONSTRUCTION OP A CONIC DETERMINED BY FIVE 
GIVEN POINTS: 

Let the five points be numbered 1,2,5,1%2'. Draw an 

arbitrary line through 1 
which would meet the conic 
In the required point 
Establish the two points 
Y,Z and the Pascal line. 
This maets 2 '3 In X and 
finally 2,X meets the 
arbitrary line through 1 
In 3' . Further points are 
located In the same way* 

Pig. ^1 




11 . CONSTRUCTION OF TANGENTS TO A CONIC GIVEN ONLY BY ' 
FIVE POINTS: 

In labelling the points, consider 1 and 5* as having 

merged so that the line 1,3' is 
the tangent. Points X, Z are 
determined and th Pascal line 
di»awn to meet 1«,3 in Y. The 
line from Y to the point l^y 
is the required tangent* The 
tangent at any other pointy 
determined as in (lO), is con- 
structed in like fashioni 




Fig. U2 
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12. INSCRIBED QUADRILATERALS: The pairs of tangents at 
opposite vertices, to- 
gether with the qppo- 
site sides, of quadri- 
laterals inscribed to 
a conic meet in four 
collinear points. 
This is recognized as 
a special case of the 
inscribed hexagon 
theorem of Pascal. 




Fig, U3 

13. INSCRIBED TRIANGLES: Further restriction on the 
Pascal hexagon pro- 
duces a theorem on 
inscribed triangles. 
For such triangles, 
the tangents at the 
vertices meet their 
opposite sides in 
three collinear 
points. 

Tig, kU 




iFRir 
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14. AEROPLANE DESIGN: The construction of elliptical 

sections at right 
angles to the center 
line of a fuselage is 
essentially as follows. 
Construct the conic 
given three points Pi, 
Psi Pa And the tangents 
at two of them* To ob- 
tain other points Q on 
the conic I draw an 
arbitrary Pascal line 
through X, the inter- 
section of the given 
tangents, meeting PiPg 
in Y; PiPa in Z. Then 
YPa and ZPs meet in Q» 

Pig. 45 




15. DUALITY: The Principle 




of Duality, inherently funda- 
mental in the theory of Pro^ 
Jective Geometry, affords a 
corresponding theorem for 
each of the foregoing. 
Pascal's Theorem (I639) 
dualisses Into the theorem 
of Brlanohon (l8o6)t 

If a hexagon circumacribe 
a conic I the three Joins of 
the opposite vertices aye 
concurrent. (This is apparent 
on polarizing the Pascal 
hexagon . ) 



Fig* 46 
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16. CONSTRUCTION AND GENERATIONS (See also Sketching 2.) 
The following are a few selected from many. Explanations 

are given only where necessary. 

(a) Strinp Methods : ^ 





Pig. k7 



(b) Polnt-vlae Conatructlon; 






Y 












V. 















ft * Q eol t 
I y bunt 



a 1 a 



'y s b ton t 
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(c) Tvo Envelopes ; 



(i) A ray is drawn from the fixed point P to the 
fixed circle or line. At this point of intersection a 




Fig. U9 

line is drawn perpendicular to the ray. The envelope 
of this latter line is a conic* (See Pedals.) 



(ii) The fixed point F of a sheet of paper is 
folded over upon the fixed circle or line. The crease 




Fig. 50 

so formed envelopes a conic. (See Envelopes.) (Use 
wax paper.) (Note that i and 11 are equivalent.) 

^This is a Olissettet the exiTslope of one side of a Carp^nterU 
otu^re vhose coitier moves along a civols vhile its othei^ Idg passes 
thrcu|$h a fixed point. See Cissoid end Olissettes 6e* 
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Newt on* s Method ; Based upon the idea of two pro- 
jective pencils, the 
follovU\*:' is due to 
Nevton, Tvo angles of 
constant magnitudes 
have vertices fixed 
at A and B. A point 
of intersection P of 
two of their sides 
moves along a fixed 
line. The point of 
intersection Q of 
their other two 
sides describes a 
conic through A and 
B. 




Fig. 51 



17. LT>IKAGE DESCRIPTION: The following is .selected from 
a variety of such 
mechanisms (see TOOLS), 

For the 3- bar linkage 
shown, forming a vari- 
able trapezoid: 

AB :«CD :=2a; AC =BD = 2b; 
a > b; 

(AD)(BC) -4(a^ - b^). 

A point P of CD is 
selected and OP = r 

drawn parallel to AD Fl^^. 52 

and BC» OP will remain 

para'' lei to these lines and so 0 is a .*ixed point* 




Let CM 
Then 



c, MT = 2, where M is the midpoint of AB. 
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AD » 2(AT)cos G « 2(a + 2)cos 6, 

oC. =5 2(BT)cos 0 = 2(a • rOcos e. 
Their product produces: 

(a^ - z^)cos^e = - b^. 
Combining this with r » 2(c + z)gos a there results 

(| . c'cos e)^ a b^ - a^sln^Q 

as the polar equation of the path of P. In rectangular 
coordinates these curves are degenerate sex tics, each 
composed of a circle and a curve reseMbling the figure «. 

if now an inversor OEPFP' be attaci^ed as shown in 
Pig. 53 so that 

r* p a 2k, where p a OP' , 




or, in rectangular coordinatest 

(a^ - b^)*/ - (b^ - c^)x^ - 2c'k*x+k^ « 0 

a conic. Since a > the type depends upon the relative 
value of c) that is, upon the position of the selected 
point P{ 
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An Ellipse if c > b, 
A Parabola If c » b, 
An Hyperbola if c < b. 
(For an alternate linkage, see Ciaaoid , if.) 

18. RADIUS OP CURVATURE: 

For any curve in rectangular coordinates, 
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R » 



Thus 



and « y^(l + y»®). 



?7' 



The conic « 2Ax + Bx^, B > -1, where A Is the 
seml-latus rectum, Is an Ellipse if B < 0, a Parabola If 
B m 0, an Hyperbola if B > 0. Here 

yy« » A + Bx, yy" + y'^ « B, and yV + y^y'^ « By^. 
Thus y^y" « By^ - (A + Bx)^ « -A^ 



and 



19* PROJECTION OF NORMAL LENGTH UPON A FOCAL RADIUS: 
Consider the conies 
Pi(l - e cos 0) a A, (A « seml-latus rectum). 




§4 CONICS 

Since the normal at P bisects the angle between the 
focal radii, we have for the central conies: 

FiQ pi 

or, adding 1 to each side of the equation for the El- 
lipse, subtracting 1 from each side for the Hyperbola: 

2c ga 
FiQ pi * 



That is p " 

[ FiQ g e*pi ♦ 

Now if H be the foot of the perpendicular from Q 
upon a focal radius, 

PiH = epi*cos a 

and 

PH = pi - epi'cos e = A a N*cos a. 
For the Parabola, the angles at F and Q are each 
equal to a and FiQ = pi» Thua 

PH = pi *• pi*cos Q = A a N'cos a* 
Accordingly, 

The projection of the Normal Length upon a focal 
radius is constant and equal to the semi-latus rectum. 



20 • CENTER OF CURVATURE: 



Since 

and 
we have 



C03 a a , from (19) # 



P 



, from (18) I 



R « N^sec a. 
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ThU3 to locate the center 
of curvature, C, draw the 



perpendicular to the 
normal at Q meeting a 
focal radius at K. Draw 
tne perpendicular at K 
to this focal radius 
meeting the normal in C. 
(For the E volute 3 of the 
Conies, see Evolutes, 
(In connection see Kelll.) 




Fig. 55 
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CUBIC PARABOLA 



HISTORY: Studied particularly by Newton and Leibnitz 
(I675) who sought a curve whose subnormal is inversely 
proportional to its ordinate* Monge used the Parabola 
y a X® in 1815 to solve every cubic of the form 
+ hx + k a 0. 

!• DESCRIPTION: The curve is defined by the equation t 
y « Ax^ Bx^ Cx D « A(x ■ a)(x^ bx c) . 




Fig. 56 



2. GENERAL ITEMS: 

(a) The Cubic Parabola has max-min* points only if 
- 3AC > 0. 

(b) Its flex point is at x « (a translation of 

the y-axis by this amount removes the square term and 
thus selects the mean of the roots as the origin). 

(c) The curve is symmetrical with respect to Its flex 
point ( see b* ) • 

(d) It is a special case of the Pearls of Sluge « 

(e) It is used extensively as a transition curve in 
railroad engineering* 
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(r) It Is contlrmoua for all values of x, with no 
asymptotes, ousps, or double points. 

(g) Ihft Evolutp of a^y » is 

4^l 



(h) For 3a^y . x^ R « lal±JLl) 



0 by the system: 



( I ) Graphical and Mechanical Solutions } 
1. Replace + hx + k 
y a x^ 

y + hx + k = 0, 
the abscissas of whose 
Intersections are roots 
of the given equation. 
-Only one Cubic Parabola 
need be drawn for all 
(mbicQ, but for each 
cubic there is a particu- 
lax' line. 




Fig. 57 

^* Reduce the given cubic Xi^ + hxi *f k a 0 by 

means of the rational transformation xi « r • x to the 
form ^ 
X® + m(x + 1) = 0 In which m a 

kfi 



dlBcrinlnant (the oquaie of the product of the dlfferencee of 
the roote taJcen in pairs) of this cubic lei 



A « .m^(a7 + km). 



Thttfi the roote ar© real and unequal if m < - |^ ) two are complex 

If a > • ; and two or more are equal IfftttsOorm:*-^. 

•)*h6de regions of the plane ( or ranges of m) are separated by the 
line through ( -1,0) tangent to tne curve as ehown. 
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This may be replaced 
by the system 
[y«5(®, y+m(x+l)=0 j. Since 
the solution of each 
cubic here requires only 
the determination of a 
particular slope , a 
straightedge may be at- 
tached to the point (-1,0) 
with the y-axia accom- 
modating the quantity in. 

Fig. 58 

( j) Trisection of the Angle t 

Given the angle AOB « 30. If OA be the radius of 
the unit circle, then the projection a is cos 36. It 
is proposed to find cos e and thus e itself. 

Since 

cos 36 a 4 cos^O- 3 % 
ve have, in setting 
X « cos 9: 4x^- 3x- a-0 
or the equivalent systemt 





4x®, y - 3x 



a 



Oi 



Fig. 59 



Thus, for trisection of 
39, draw the line through 
(0,a) parallel to the 
fixed line L of slope 3* 
Thia meets the curve 
y « 4x^ at P. The line 
from P perpendiculaf to 



9 
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OB meets the unit circle in T and determines the required 
distance x, TTie trisecting line ia OT, 
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CURVATURE 



1. DEFINITION! Curvature Is a measure of the rate of 
change of the angle of inclination of the targent with 
respect to the arc length. Precisely, 



K 



^ 1 
^ '= K 



At a maximum ur rnlnlmun: point K « (or. «», 0)} at a flex 
if is continuous, K « 0 (or at a gusp , R » 0* 
(See Evolutes) . 



2. OSCULATING CIRCLE i 

Y 




Fig. 60 
r a tt « X 



The osculating circle of 
a curve is the circle having 
(x,y), y* and y" in common 
with the curve. That is, the 
relations} 



(x - a)^ + (y - 
(x - a) + (y - 

(1 + r^) + (y 



0 



must subsist for values of 
x,y,y*,y" belonging to the 
curve* These conditions 
give J 



R'sin « y + R'cos 

where <t is the tangential angle • This is also called the 
Circle of Curvature # 



3. CURVATURE AT THE ORIGIN (Newton) J We consider only 
rational algebraic curves having the x-axis as a tan- 
gent at the origin. Let A be the center of a circle 
tangent to the curve at 0 and intersecting the curve 
again at Pi(x,y)* As P approached 0, the circle ap- 
proaches the osculating circle. Now BP « x is ( mean 



GURVATURE 

proportional between OB « y 
and BC = 2R - y, where 
AO o R, That Is, 
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2R 



Ro « Limit R = Limit (~). 
P 0 X 0 

y 0 




Examples ; The Parabola 2y = x has Ro = 1» 

The Cubic fy *\/f~^^^ Ro =» 0. 

p ' x^ 1 
The Quintlc y a x or » 7-7= has Ro « 

2y 2/x 

Generally, curvature at the origin is Independent of all 
coefficients except those of y and x^. 

If the curve be given in polar coordinates, through the 
pole and tangent to the polar axis, there is in like 
fashion (see Fig, 6l): 



2R*sln ear 



or 



R 



2 Sin U 



t 



Ro a Limit / r k Limit fj^x 

e 0 ^2 sin ° Q 0 ^2e^' 



Examples : The Circle 
r 

The Cardioid 
r a 1 - cos y or 



a-sm Oor^=Si^has Ro = f . 



^ (1 " COS e) 

■■■-in¥i nil- iri 



6d 



20 



has Ro a 0> 
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4. CURVATURE IN VARIOUS COORDINATE SYSTEMS: 

R s d8/d<P . 



k2 . +. (^^2 



Bo = Limit (— ) . 
X » 0 



y 0 

^ = (iy - xy)^ ' 

[where the curve ia 
X = x(t), y « y(t) and 

• " dt J • 

R * — , where v, a^^ are 

Diagiiitudes of velocity and 
normal acceleration of a 
moving point. 



dp 



R 5= p + 



if ' 



(polar 
coords t ) 



(fxx^y" - 2fxy^xfy * ^yy^^T' 
[where the curve ia f(x,y) « O]. 

r3 



R 



_^ , where 
(See Conies, l8) • 



5. CURVATURE AT A SINGULAR POINT; At a singular point of 
a curve f(x,y) « 0, fx - fy « 0. The character of the 
point is disclosed by the form: 

P - fxy^ - fxx^'yy 

That is, if P < 0 there is an isolated 2pint, if P « 0, 
a cusp, if r > 0, a node. The curvature at such a point 
(excludlni^ the case P < o) is determined by the usual 

^ ^ ^ iL * . after y' and y" have been evaluated. 

(1 + y ) . 1^4. 

The slopes y* may be deterirylned (except when y' does not 

exist) from the indeterminate form ^ by the appropriate 

y 

process involving differentiation. 
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6. CURVATURE FOR VARIOUS CURVES: 





KQUA'I'ION 




Reel, 
Hyperbola 


3 in 2\J 21c^ 




Catenary 


;-' 2 p 
i = C a 


y 2 (See con- 
*~ = c»3ec cp 

^ dbFUCLilOn 

under Cate- 
nary) 


Cycloid 


Si V ^ay 

X ~ a( t - sin t) 
y = a(l - --^od t) 


1 oonstruc- 
2a tlon under 
Cycloid) 

-Ua.ain (^) 


Tractrix 


a ^ c*ln 3ez (p 


c* ton (jp 


jl q u I aji(jU ± a r 
Spiral 


s - a(e°^ . 1) 




Leinnlscate 


„3 2 

r sap 


(See construe tlon under 
3r Lemnlscate) 


Ellipse 




2, 2 

a 1) 


Sinusoidal 
Sp i rale 


= a"coa nil 


a" r^ 
(n + l)r^--^ (n + l)p 


Ao tro Id 




3(axy)V^ 


Epi- and 

Hypo-oyclolds 


p = a ain bi^p 


a(l.b^)aln h<p ^ (l-b"^)*? 



7. GENERAL ITEMS: 

(^) psculatin^ ^ ci pclea at two corresponding^ points of 
Inyerse curves are Inverse to each other. 

(h) If R and R* be radi i of curvature of a curve and 
its I?edal at corresponding points: 

R»(2r^ - p.R) r^. 
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(c) The curve y = x** is useful in discussing curva- 
ture. Consider at the origin the cases for n rational, 
when n < = > 2, (See Evolutes.) 

(d) For a parabola, R is twice the length of the 
normal intercepted by the curve and its directrix. 
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CYCLOID 



HISTORY: Apparently first conceived by Mersenne and 
Qalileo QalUel In I599 and studied by Roberval, Des- 
cartes, Pascal, Wallls, the Bernoullls and others. It 
enters naturally into a varl^tv of situations and Is 
justly celebrated. (See iib and 4f.) 

1. DESCRIPTION: The Cycloid Is the path of a point of a 
circle rolling upon a fixed line (a roulette). The 
PPo^^^^ and Curtate Cycloids are formed if p is not on 
the circle but rigidly attached to it. For a point-wise 




construction, divide the Interval OH (= na) and the 
semicircle NH into an equa. number of parts: 1 2 
etc. Lay off IP^ = HI, 2P, = HC, etc., as shown. ' 



2. EQUATIONS: 



s = 4a, sin 0 
(measured from top 
of arch) . 



X = a(t - sin t) 

y 



r2 + 



a(l - cos t) = 2a.sln^(|) . 
I6a^. 
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J. METRICAL PROPERTIES: 

(a) If = ^ — . 

(b) L(one arch) = 8a (since Ro = 0, Rn = 4a) (Sir Chris- 
topher Vren, I658) . 

(c) y' = cot(^) (since H is instantaneous center of 

rotation of P. Thus the tangent at P passes through 
N) (Descartes). 

(d) R = 4a'Cos = 4a-sin(|) = 2 (PH) = 2(Normal). 

(e) s = 4a.cos(|) = 2(NP). 

(f) A(onearch) = 5"^** (Roberval 1634, Galileo approxi- 
mated this result in I599 by carefully weighing 
pieces of paper cut into the shapes of a cycloidal 
arch and the generating circle). 



4. GENERAL ITEMS! 





















0' 







Fig. 63 



(a) Its evolute is an equal 
Cycloid. (Huygens 1673 •) 
(Since s ^ 4a* sin 0, 
a a 4a*cos0s 4a«slix^) 
R a PP* (the reflected 
circle rolls along the hori- 
zontal through 0*, P' de- 
scribes the evolute cycloid. 
One curve is thus an in- 
volute (or the evolute) of 
the other* (See Evolutesi ?•) 



CYCLOID 
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(b) Since s - 4a.cos(|), — ^ -.2a.?3in(|) - / 2ay . 

(c) A Tau to ch rone ; Tho problem of the Tautochrone is 
the determination of the type of curve along which a 
particle moves, subject to a specified I'orce, to ar- 
rive at a given point in the same time interval no 
matter from what init'al point it starts. The follow- 
ing was first demonstrated by Huygens in l673i then 
by Newton in 1687, and later discussed by Jean 
Bernoulli, Euler, and Lagrange* 

A particle P is confihed in a vertical plane to a 
curve 3 - f(9) under the influence of gravity: 

ms = -mg'Sin 




Pig* 6h 

If the particle is to produce harmonic motion: 
ms ^ -k^s, then 




that is, the curve of restraint must be a cycloid, 

generated by a circle of radius The period of 

this motion is 2n, a period which is independent of 
the amplitude. Thus two balls (particles) of the same 
mass, falling on a cycloidal arc from different 
heights, will reach the lowest point at the same 
instant* 
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Since the evolute (or an involute) of a cycloid 

is an equal cycloid, 
a hob B may be sup- 
ported at 0 to de- 
scribe cycloidal 
motion. The period 
of vibration of the 
pendulum (under no 
resistance) would 
be constant for all 
amplitudes and thus 

Fig. 65 

the swinpis would 
cuur.t oqual time intervals. Clocks designed upon this 
priiicJple were short lived, 

(d) A Brachlstochrone « First proposed by Jean 
Bernoulli in I696, the problem of the Brachistochrone 
is the determinatlo. of the path along which a parti- 
cle moves from one p^lnt in a plane to another, sub- 
ject to a speclfitid 
force, in the short- 
est time. Tne fol- 
lowing discussion 
Is essentially the 
solution given by 
Jacques Bernoulli, 
Solutions were also 

^^f?* 66 presented by Leibn it?;, 

Nowtun, ai d ] 'II ..op] ta] . 

For a body railing* under gravity along any curve 
rest-Hint} y » 5^ « gt, y =* ^ or t • 
At any instant, the velocity of fall is 
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Let the medium through vhlch the parti cle r ails havo 
uniform density. At any depth y, v « / 2gy . Let 
theoretical layers of the mediiun be of infinitesimal 
depth and assume that the velocity of the particle 
changes at the surface of each layer. If it is to 
pass from Po to Pi to Pe in shortest time, then 
according to the lav of refraction: 



sin tti 



sin 3in as 

" =5 = « « « 



/ 2i;a / 4gh / 5gh 

Thus the curve of descent, (the limit of the polygon 

as h approaches zero and tht number of layers increases 

accordinply), is ?mch that (Pig, 67)5 

sin 31 « k'y/T or cos^G = k^y, 
an equation that may be iden- \ 
tified as that of a Cy cloid , 

(e) The parallel projection 
of a cylindrical helix onto a 
plane perpendicular to its 
axis is a Cycloid, prolate, 
curtate, or ordinary. (Mon- 
tucla, 1799; Guillery, 1847.) 

(f) The Catacaustic of a cycloidal arch for a set of 
parallel rays perpendicular to itt base is composed of 
two Cycloidal archen, (Jean Bernoulli 1692* ) 

(g) I'he isoptic curve of a Cycloid is a Curtate or 
Prolate Cycloid (de La Hire 17CU), 

(h) Its radial curve is a Circle, 

(i) It is frequently found desirable to design the 
face and flank of teeth in rack gears as Cycloids, 
(pir. 68). 




Fig, 67 
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DELTOID 



HISTORY: Conceived by Euler !r: 17^1 in connection vlth a 
study of caustic curves, 

1. DESCRIPTION; The Deltoid is- a >cu3ped Hypocyclold, 
The rollinf^ circle may be either one-third (a = ^h) or 
two- thirds (2a = 3b) as larp.e a:^ the fixed circle. 




Fig. 69 



For the ciiouble ^*enoration, consider the rl^ht-hand 

figure. I ere OE = OT a, AD = AT - y, where 0 is the 

center oJ the fixed circle and A that of the rolling 
circle which carries the tracing: point P. Draw TP to 
T'E> PD and T'O meeting in F. Draw the c J rcumcircle of 
F, P, and T' with center at A'. This circle is tangent 

to the fixed circle at T' since an^^le FPT' ^ -^t and its 

diameter FT' extended passes throUi^h 0. 

TrJanglorj TOT', TDP, and T'FP are all similar and 

I 
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TP 2 

jTp « I • Thus the radius of this smallest circle io ^ . 

Furthermore, arc TP i arc T'P « arc TT'. Accordingly, if 
P were to start at X, either circle would ^^enerate the 
same Deltoid - the circles rolling? In opposite direction. 
(Notice that PD is the tangent at P,) 

2. EQUATIONS: (where a = 2^b) • 

X = b(2 COB t + COG 2t) 

y «b(2 oln t - Din 2t) , 

8 b 

s = (— ) cos + ^ 6kh^. r'^ « 9b^ ^ 8p^, 

p « Ivsin = b(Le^^ + e^^^M . 

3. METRICAL PROPERTIES: 

L « 16b. R:.^^^ .80. 

2 dv ' 

A^^nb'^ = double that of the inscrlhf?d v-ifvlt^, 

« lenf^th of tanr^ent (BC) intor.'^epted tuo curvi^, 

4. GENERA.!. ITEMS: 

(a) It is the envelope of the Slmsoii lino uf a fixed 
triangle (the line formed by the feet of the perpen- 
diculars dropped onto the sides from a variable point 
on the clreumclrcle) . The center of the curve Is at 
the center of the triangle's nlnc-point-circlo» 

(b) Its ovolute is another Deltoid, 

(c) Kakeya (l) conjectured that it encloses a region 
of least area within which a straight rod, taklnj^ all 
possible orientations in its motion, can be reversed. 
However, Bes^covitch showed that there is no least 
area (2) . 

(d) Its inverse is a Cotes' Spiral. 

(e) Its peda l with respect to (c,o) is the family of 
folia 

f(x - c)^ + y^)(y.^ + (x - c)x] « ^♦b(x - c)y^ 
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( x'ecluoible to ; 

r = hi) c:os u kIi.'^'u - c'^'.^os U) 

(witli re:^pect tu a cusp, vertex, or center: a simple, 
double, tri-rolium, resp.). 

(^) Tent;ent Cutu:.tructluM ; Since T io the instantaneous 
center of rotation of P, TP Is normal to the path. 
The tarv;^ent thus passes through N, the extremity of 
the diameter through T. 

((0 The tani^et it length intercepted by the curve is 
ccr;staiit. 

(h) The tan Bent BC is bisected (at N) by the inscribed 
el vcl^^. 

(t) jtt: o atacausti : for a set of parallel rays is an 
Astro! d ♦ 

(j) Its urthoptlc cu_rve Is a Circle > (the inscribed 
circle) . 

(k) Its raa i al curve is a trifolium > 

(l) It Is the envelope of the tangent fixed at the 
vertex of a larabola which touches > fiven lines (a 
Roulette). It is also the er>velope of this Parabola, 

(m) The tan;v;ents at the extremities B, C meet at right 
angles or. the inscribed circle. 

(n) The iior;!als *to the curve at B, C, and P all meet 
at T, a poira of the circumcircle, 

(o) If the tangent BC be held fixed (as a tangent) 
and the Deltoid allowed to move, the locus of the 
cusps is a Nephroid. (For an elementary geometrical 
pi»oof of this elet^ant property, see Nat. Math. Mag., 
XIX {I9h5) p. 230. 
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ENVELOPES 



HISTORY: Leibnitz (1694) and Taylor (1715) were the first 
to encounter singular solutions of differential equa- 
tions. Their geometrical significance was first Indicated 
by Lagrange in 1774. Particular studies were? made by 
Cayley in 1872 and Hill in I888 and I918. 



1. DEFINITION: A differential equa- 
tion of the nth degree 



f(x,y,p) =0, p « 



dx 



defines n p^s (real or imaginary) 
for every point (x,y) in the plane. 
Its solution 

P(x,y,c) = 0, 



/ 
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of the nth degree in c, defines . 
n c*s for each (x,y). Thus at- 
tached to each point in the plane 
there are n integral curves with 
n corresponding slopes. Throughout 
the plane some of these curves 
together with their slopes may be real, some imaginary, 
some coincident. The locus of those points where there 
are two or more equal values of p, or, which is the same 
thing, two or more equal values of c, is the envelope of 
the family of its integral curves. In other words, this 
envelope is a curve vhich touches at each of its points 
a curve of the family. The equation of the envelope 
satisfies the differential equation but is usually not a 
member of the family.^ 



* p Is used her*3 for the dorlvatlvo to conform with the general 
ouotom throughout the lltemtui^G. II should no-, be confused with 
the distance from origin to tangent UMed olce^diere in thin 
hook* 

tThe line y 0 lo a port of the envelope and a member of the fam- 
ily y *• c (c-Ux)^ 
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Since a dc able root of an equation must also be a 
root of Us dcr*lvat! ve (and convpraely) , tht envelope Is 
obtained t*ro;:i ^.Ithei' of the v>oKb { ilu d ! r-' r ' !m! nant rela- 
tion);* 

t'(x,y,p) ^ 0 J F(x,y,c) = 0 

/p(x,y,p) =: 0 (x^yfc) - 0 

Each of these sets constitutes the parametric p-quatlons 
of the envelope. 
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px 



(p-1) 



= 0 



P 
F 



X 4- 



(p-1) 



2" = 0, 



x'soG^u + y*csc^u -1-0 



2x* sec u tan u 

- 2ycsc^o cot u a 0 ♦ 



yif^idJr.'t the parabola 



/x 4- v/7 = +1 



Flg» 72 as the envelope of lines, the sum of 

whoso Intercepts is a positive constant* 



Such quefjtlona nn tn£ locna « ^uapl^lnl nnd nc^lal locl < ^-tc*, whose 
o^natlonu nppcnr as f«ictors in one or both diacrlminanttj, are fiis- 
cupu'-l In Hli; (191^^) • For exarploa, see Cohen> Nbrray, Olalsiher. 
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Noa^l: The two proceed! n; examples are differential equa- 
tions of the Clairaut form; 

The :nraii,cl . Rvlubioii is that of differentiating 
w! th I'l'r.pe ' t to X : 



'dx 



Hunce, 

tlon i: 
p = J. 



dv 



dp dx' 
; 0, and the general solu- 

or 



dp 

obtained from the first factor: ^ - 
Triat ir>, y = cy f^ic) . 



Tir* r^fnv lid factor: x + -r^ 0 is recognized as 

dp 

fp = 0, a requirement for an envelope. 

3, TECHNrQUl^; A family of curves may be given In terms 
of two parameters, a, b, which, themselves, are con- 
nected by a certain relation. The following method is 
proper and is partLcularly adaptable to forms which are 
homogeneous in th'-i parameters. Thus 

^-ive-. .'(x,v,a,t:) 0 arid t!(a,b) = 0. 

Their partial d! ffernr.tlals are 

ffjda -f f^di' = 0 and gada + gb^b ^ 0 

and thu? I'^ = Xr^, f\) - >^F*hf 

where X is a factor of proportionality to be determined. 
The quantities a, b may be eliminated amou«.*: the equation 
to give the envelope. For example: 

(a) CotiSlcier the envelope of a 
line oV constant len^^th riicvln • 
with Its ends upori the coordi- 
nate axes (a Trammel Oj" Archi- 



1 where 
1. Th^'ir dl fferentials 
giv^ (-^)da + {■fp)(U) =^0 Q:d 



medes J : ^ 

a r 

a^ 



I) 



a D 
a 'da + b'db 0. 




TV 



Ulf 



X 

a" 



Xa, 



r Xh. 
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Multiplying the first by a, the second by b, and add- 
iri": ^ -i^' ^ 1 --^ X(a^ -t- l'^') x, by virtue of the 
given functions. Thur., :Mncr X i and a^' + b^ =: 1, 

an Astroid, 



X « a^, y = b®, or 



+ y"* = 1 



(b) Consider concentric and coaxial ellipses of con- 




2 S 
X V 

Rtant area; + = 1, vhere 
a b 

x^ 

ab ^ k, Ve have (--s)da + (ts)db=:0 
0. b 

b'da + n'db - 0, Trorn vhicn 

75 Xb, *-g xa. Multiplying the 
a D 

first by a, tne second by b, and 
addin^r; 

1 



1 ,?Xab 2Kk and thus X 



Thut 



if 

4 



2k' 



^, a pair of 



Ij'i-t: C t.h'- ■ of a * o:' :'L'1;ul: r and P 

a r:.xev: r^^.l: *; :i. If - plrir." , P-..'ld P vVfV Mpur. the circle 
tj P' at:<^ .T-aiu/, A/- P' ri'.;v^':* upo!. Lh.' -irclo, the 
creapo:^ t*ir.V'-iope a -'p.-.tral cuii'" wit.P P and C as foci: 
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an Er.npse IT P be inside the circle, an Hyperoola If 
outsLle. (Draw CP* cutting' Ihf-^ (M'i-^ar.*^ ii* Q. Then PQ =r 
P'Q .r u, QC = V. Kur the ElVip^e, u + v = v; for tho 
Hyperbola u - v = r. The crearef: are tam^ents sin^.^e they 
bisect tl;e ani;^les formed by the focal radii.) 

For the Parabo:-i, a fixed point P la folded over to 
P' upon a fixed litie L(a circle of infinite radius). 
P'Q is drawn perpendicular to L and, idnce PQ = P*Q, the 
locus of Q is the Parabola with P as focus, L ar. direc- 
trix, and the crease as a tanrent. (The simplicity of 
this demonstration should be compared to an analytical 
method.) (See Conies 16.) 

5. GENERAL TPEMS: 

(a) The Evolute of a r^iven curve is the envelope of 
its normals. 

(b) Tile Catacaustic of a given curve is the envelope 
of it3 reflected lipint rays; the Dia^austic is the 
envelope of refracted I'aya. 

(c) Curves parallel to a p ^ Lwen curve may be considered 
as : 

the envelope of circles of fixed radius with cen- 
ters on t\ o riven curve; or as 

the envelope of circler:^ of fixed radius tangen*-. 
to the ^iven curve; or ar. 

the envelope of lines parallel to the tangent to 
the given curve and at a conr.tant distance from the 
tan^^ent . 

(d) The fi_r^->t po sitive Pedal of a given curve is the 
enveJ.ope of circles throuf^h the pedal point with the 
radius vector from the pedal point as diameter. 

(e) The !' ir??t ne^ ' f'.tiv e Pedal is the envelope of the 
line throur:h a point oV thf> curve perpendicular to 
the radius vector from the pedal polrit. 

(f) IV L, M, N are linear functions of x,y, the 
envelope of the family L-c^ + 2M'C + N 0 in the 
coriic 
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thv^ envelope of a diameter of a 
circle rolling upon a line is a Cycloid ; 



Fig. 76 



the envelope of the directrix of a 
Parabola rolling vpon a line is a Cgae- 



nary / 



(h) An important envelope arises in the following 
calculus of varlatlonr problem (Fig. 77): Given the 

liurva r a 0, the point A, both 
In a plane, and a constant 

LU force. Let y = c be the line 

\ A - of ^ero velocity. The shortest 
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tirre pai:h from A to P « 0 is 
the Cycloid normal to V 2= 0 
generated by a circle rolling 
upcn y = c. However, let the 
family of Cycloidb normal to 
P = 0 generated by all circles 
rollinfj upon y = c envelope the 
curv€' E a 0. T this envelope 
passes between A and P » 0, 
there i& no unique solution of 
the problem. 



Fig. 77 
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EPI- and HYPO-CYCLOIDS 



HISTORY: Cycloidal curves were fMpst concei\/ed by Roemer 
(a Dane) in lb74 while studying the best form for pear 
teetn. Galileo and Mersenne had already (1599) ^^^^ 
cove-red the ordLnary Cycloid. The beautiful double f:enera- 
tJon theorem of there curves was first noticed by Daniel 
Bernoulli in I725. Astronomers find forms of the cycloidal 
curves in various coronas (see Proctor). They also occur 
as Caustic 3 » Rectification was itlven by Newton in hie 
Princlpia. 



1. DESCRIPTION: 

The EplcycloM Is f^en- 
erated a point of a 
circle ro.*.lxnr e/.tornally 
upon a fixed circle. 



The Hypocycloid is f^en- 
erated by a point of a 
circle rollinf^ internally 
upon a fixed circle* 
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2. DOUBLE OENERATTON: 

Let the fixed circle have center 0 and radius OT 
OE « a, and the rollini* circle center A* and radius 
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A'T' « A'F s= tJ, the lattfr* carry itu' the traclng'polnt 
(See Fir. 79.) Dr-av ET' , OT'P, ana PT' to T. Let D be the 
Interji^e M loi: of TO and FP aiid draw the c ircle on T, P, 
and D. Th::\ circle taurent to nhe I'Ued circle since 
an/vle DPT is a ri^^ht aiu^lt?. Nov nin-:e PD is parallel to 
T'E, trlan^'les CKT' and UFD are inoJ^celea and thus 

DE - ?b. 

Furthermore', arc TT' = au and arc T'P » bU » 

arc T'X. 

Accord Uiivly, arc TX = (a + b)u arc TP, for the 

Epic ycloi d ^ 

or (a - b)u arc TP^ for the 

H:/poc yclold, 

^^^'^^^z ^3£h 9Jl .^^^ cyc loidal cu rves ma^ be generated In 
tvo vayw: two rolling c ircles the sum , or difrerence t 
of vhoae radi I is JiJ^ie radius of' the fijced circle. 




Fig. -^9 

The theorem ia also evident fi^om the analytic viewpoint. 
Consider the case of the Hypocyclqid} (Ruler ^ 1784) 

:< « (a - h)co3 t + b'caa(a - b)r; 



y (a - b)flin t - b«3in(a - bh- , 
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and let b = , , « l§-JLiLL!U , r^,),., ..quaUor.s 

^* """" c "'^ ' 0 

Motloc that: a chani^o in yu^n of c doer? not alter these 

equationti. Acc'ord!n:-ly, rollin.- c>l.rclo5J of radii 

(a - c) ' ^ 

or generate the same curve upon a fixed circle of 

radiuR a. That is, the dirrererce of radii of fiyed 
^- 1 role and rol lln^^ circle gLven the radiua of a third 
0 I role vhich _v! 11 none rate the ..same Kypocyclold, 

An. analo/our^ demonstration for the Ep icyuloid can be 
cor:i? true ted wilhouL cf i ff I culty. 



3. EQUATIONS; 

EPICYCLOID 



X r-. (a+b)co8 t - Loo(a+b):jj 

^' « (afb)olu t - b*oln(a+i))- 

b 

(x-axlc '/hruu.Ji u cusp) 



0 

y a ({j+b)8Ln t + b'o:ji(a+b)-^ 



HYPOCYCLOID 

b 

X .-z (a-b);ioo t + b'coa(a-b)^ 
y (a-b)ain t - b'QLn(a-by^ • 

(x.->ixxa through a cu^Jp) 



X (a-b)co0 t - b'ooB(a-b)"- 



y = (a-b)ain b + b'ain(a-b)* 



(x«axl0 bloocting arc bebwtJtn 2 eucoeoaivo cuopa) 



4b(a + b) a 
^ uiii 



a + 2b 



kb(b - a) 



a in 



a - 2h 



or 



3 a« A'3in B^l I 



Where B < 1 Epicycloid > 

B ^ 1 Ordinary Cycloid, 

B > 1 I Hypocyclo i d . 
*?i;iis oquation. uf .joiu'ay^ rnii,/ ^Juat as weii ii.voivo the coaino* 
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(m + 1)" 



where in - 



(a + b) 



(b - a) 

m s — ; ^ 

b 



or p*^ = C^(r^ - 

„2 (a + gb)^ 
where C = ^^(a + b) 

(a - gb)^ 
= ib(b - a)' ' 

for the Epicycloid 
for the Hypooycloid, 



Bp =s a*sin B% 



METRICAL PROPERTIES; 

\ 8b^k , ''a 4- b) (b - a) 

L (or one arch) - — ^-^ where *c = ^ — g — or — ^ — 

A (of se^tment formed by one arcl. and the center) 



= k(k + 1) 
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•(k-1) 



^ where k Ucb the values above. 



R AB*co£i B(f ^^^^ foregoing values of 

k. may be obtain-^d in terms of t from the given 
tMgures) • 

(See Am. Math. Monthly (19^4) p. bS? Tor an elementary 
demonstration of these properties.) 

5. SPECIAL CASES: 

Epicycloids: If b = a...Cardioid 
2b ^ Bi, * .Nephroid. 

Hypocycloids: If 2b « a.. •Line Segment (See Trochoids) 
2b r=i a» . .Deltoid 
i|b « a. . .Astroid. 
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6. GENERAL ITEMS: 

(a) The Evolute of any Cycloidal Curve is another of 
the same species. {Vor, since all such curves are of 

ds 

the form: s = A sin B<iP, their evolutes are -p s a a 

AB sin B(f). These evoluceo are thus Cycloidal Curves 
similar to their involutes with linear dimensions al- 
tered by the factor B, Evolutes of Epicycloids are 
smaller, those of Hypocycloids larger, than the curves 
themselves). 

(b) The envelope of the family of lines ; 

X cos u + y sin U « c«sin(nu) (with parameter u) is 
an Epl- or Hypocycloid, 

(c) Pedal D with respect to the center are the Rose 
Curves: r = c*sin(nU), (See Trochoids). 

(i) The Lnoptlc of an Epicycloid is an Epitrochoid 
(Chasles liiyf ). 

(e) The Epicycloids are Tautocnrones (see Ohrtmann) . 

(f) Tangen t Construction : Since T (see figures) is 
the instantaneous center of rotation of P, TP is 
normal to the path of P. The perpendicular to TP is 
thus the tan£^.ent at P. The tan^^ent is accordingly the 
chord of the rollin.it circle passing through N, the 
point diametrically opposite T, the point of contact 
of the circles, 
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EVOLUTES 



HISTORY: Tlu' Idea cV i-\ful\xlf>i\ reputf^-dly o:'i»'!nated with 
i{v:y:'.er':r :i: loV *> iw ''owiit'^ctl-ju Mllh hi t? studies on li|^ht» 
Hcvevi^r, ir:o juitcept iwny bt^ trr .d to Apollonius (about 
;;00 BC) whei'e it appj=»arr, in tu.- fifth hook '.-f his Conic 
Stu: t ! or:^ . 

!♦ DEFlMlTIuN: The Evul\ite of a curv^- is the locus of 
itn certer^^ of curvature. Tf (a,fi) ia thin center, 

a = X - R'sin 9, 

=: y + R'cos 9, 

where R is the radius of 
curvature, 9 the tangential 
angle, and (x,y) a point of 
the ^^iven curve. The quan- 
tities x,y,R,sin (p, cos <p 
may be expressed In terms 
of a single variable which 
acts as a parameter In the 
equations (in a,p) of the 
evolute . 
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2, IMPORTANT RELATIONS: If s Is the arc length of the 
£tlven curve, 

sin <f(^), 

cos 



But 
Thus 

Hence 



da 

ds 


ds 


cos <p(d<p/ds) 


ds 


dn 


sin <fi{d(p/df-.) 


sir: <p 


_ ^ 

~ ds * 


dx 

cos ^ = — 


da 

dr. 


= - sin 


^M;;^' ds 



ds 
d9 



^ds^ 



da 



-cot 9 
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Aoc'v't*dirt£*l K.i'] Inurewin to \Aui ovDlute ai'*- r;ormai.s to 
tho r.Iyci: cu» .f. ft, thPi- words, t\io evolutc iho 



Fr.»o{n the r . r-i^ol ti,'; 

da dH where da^ = da^ + dfi''^. 



Thus 



Hi - Ha. 



That ir, , the nj'j lt.';..;th uj' tlie 
e volute ( -1 r H Jj^ ii n r.oto ne) la the 
d UTeronce of rad l ! u^' curva - 

ture oV the r ' VPF' c urvo measured 
I 't^orn t)y cmkI x':i-jL'^'1. '^1' arc; a 
F u r t ! 1 e vv,\o v , * / • :jj_v' c urve in 
ar. ww«jlut>-> . •■ <-? volute. 
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GENERAL ITEMS: ^ Mar.y of theao may be eotahlished most 
5!::ipl.v o.v uslr.p the Wlievell ^^quation of the curve. See 
3e • . 7 VV. ] 



U) '^'hf^ ^V. I'.i^i 



lb) The ovo^utp at' a aeritral coiiij i .; the Lame curve: 

,4 ,4 

(c) The evolute.' oV an equiangular spiral Is an equal 
equiangul ar Dj/lral. 

(d) The evolute of a Trac trix is a Catenar y. 

(e) Evolutes of the Epi - and llypocycloidc are onrves 
^f' 9peci^:fn . [Sen IntrinrAlc Eqna. and ^*(b) 
follovinp. i] 

(f ) The evolute of a Cayle j' ?-^y, t Ir iti a Ne phroid . 

(r) Th*^ CatU'-aujit of a p^ven C'urvo i*? t^c evolute of 
ir^ili^ -'l^J :L\ii:''''' Caustic:^.) 

(h) G morally, to a Vi^y point or: a curve corresponds 
an aFyniptute to llr evulute. [For excej^tvlon .Mce 
« x^, rc^lloving. ] 
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4, EVOLUTES OP SOME CURVES: 
(a) The Conies j 




Fig. 82 



The E volute of 



The Ellipse: (-) 

St 




1 is 




. (|)* . 1 , 




Aa = 


Bb a 




b^. 


The Hyperbola: (-) 
El 




1 is 


(-) 






Ha « 


Kb a 


+ 




The Parabolas = 


2ky is 




8 

27k 


(y - k)« . 



(An elegant oonstructlon for the center o^ Curvature of 
a conic i!-» given in Conies 20.) 
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(b) Thg Cycloids (their evolutes are of the pame 
species) : 
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(c) The Family y a x". 

If the X-axis is tangent at the origin: 

Ro « Limit (^) = Limit (~— ). [See Curvature,] 

Thus J Ro = 0 ifn <2; Ro ««ifn> 2; 
Ro « g if n a 2. 
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^. GE^fERAL HOITS: Where there is symmetry in the given 
::urvf: with roL^pect to a line (except Tor points of 
upculatlor. or double flex) there will correspond a cusp 
in the ovulute ( apprcjachin/^ the point of symmetry on 
either nld* , the normal forms a double tangent to the 
evolute). Thia is not oufficlent, however. 

If a curve has a cusp of the first kind, its evolute in 
crer.fral passes throup:h the cusp. 

If a .''ir-y* har a cusp .^f the second kirid, there corre-* 
npor:ds a flex in the f.voluto. 
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6. NORMALS TO A GIVEN CURVE: The Evolute of a curve 
separates the plane into regions containing points from 
which normals {nay be drawn to thr. fiirve. For example, 
consider the Taraljola » 2x sp.d the point (h,k). The 
normals from (li,k) are determined from 

+ 2(1 - h)y - 2k 0, : 

where y represents the ordinates of the feet of the nor- 
mals at the curve. There are thus, in general, three 
hbrmals and at their ^'eet: 

yi + ys + ys 0. 

If ve ask that two of the three normals be coincident, 
the for'eioin:' oublc must have a double root. Thus between 
thirt cuhlj LiiA ■ ts derivative; j>y^ + 2(1 - h) = 0, are 
the coridltlonn ui\ h and k: 

3v^ a 
h 1 + , k = -y^. 

The locus of (h,k) ti vis recognisable as the Evolute 
of the ^-^Iven Parabola: trie envelope of Its normals. This 
evolute divides the plane into two regions from which 
one or three normals may be drawn to the Parabola. From 
points on the evolute, two normals may be est£,ijlished. 



An elegant theorem is a consequence of the preceding. 
:The circle x^ + y^ + ax+by + c==0 meets -'he Parabola 
y^ X in points such that 

yi + ys + ys + y4 0. 

If three of these points are foot of concur-rent normals 
to the Parabola, then y4 = 0 and the circl ? must neces - 
sarily pass through the vertex . 

A theorem involvlnjt; the Cardioid can be obtained here 
by inversion. 
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7. INTRINSIC EQUATION OB' THE EVOLUTE: 

Let the given curve ne n =: f ( <p) 
with the points 0' and of 
Its evolute correspoudin/x to 
0 and P of the f^iven curve. 
Then, If a Is the arc length 
of the evolute: 




In terms of the tangential 
an^>;le fJ, (since p = 9 + 2): 
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[Example; The Cycloid: 3 4a'sln 9; a « 4a'cos 
ifa«co3(fi - = 4a«3in (See Cycloid 4, a). 
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EXPONENTIAL CURVES 



HISTORY: The number "e" can be traced back to Napier and 
the year I6l4 where it entered his system of logarithms. 
Strangely enough, Napier conceived his idea of logarithms 
before anything was known of exponents. The notion of a 
normally distributed variable originated with DeMoivre 
In 1733 who made known his ideas In a letter to an 
acquaintance. This* was at a t.^me when DeMoivre, banished 
to England from Prance, eked out a livelihood by supply- 
ing information on games of chance to gamblers. The 
Bernoulli approach through the binomial expansion was 
published posthumously in I715. 



1. DESCRIPTION: Fundamental definitions of this 

important natural constant are; 




FiR. 06 
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2. GENERAL n-EMS; 

(a) ^-Mfi do?.lar £U lOO'V .'nterest compounded k tijwes* a 
yea:' produces at t\w cr.d of tli:- yr-ar; 

cicllar^ . 

ir the ir;ierest be compounded continuou^.ly ^ the total 
at tl;e eiA of the year i s 

L:.:r, ^ Liinlt l^k ^ . 



(b) Thf' Euler rorn;: 

e ~ '^ov. X + 1 • sin x 
produces the niuiiervical relations; 

% 1 - 0 , e^^ « 1. 
From the latter 

(/n)^ ^ ie^h^ e'^ ^ 0.208. 

J. The Law of O^^ovth (or Decay) Is the product of exper- 
ience. In an idee. I state (one in which there is no 
disease, pestilei. 3, war, famine, or the like) many 
ratural population- ^ncreaso at a rate proportional to 
the number present. Vnat is, :C x ivpr -'onts the ni.mber 
of individuals, and t 'hj time, 

~ kx or ' krt 

dt ^ " 



This occurs in controllea bacteria cultures, decomposi- 
tion and converiJion of chemical substances (such as 
radium and au^>:ar), the ^c.rumulation of interest bearing 
money, certain typer. of electrical circuits, and in the 
history of colonle?' ituch an fruit fli"3 and people. 

A further hypoUu / lr : upp- :r tho i^overnin,'?; law as 



^dx 
dt 



cn 



= k«X'(n- X, X - ^^^^ V^^^'^ j 



EXPONENTIAL CURVES 



9*5 



whore n is the maximum possible number of inhabitants - 
a number i-egulatorl , for Instance, by the food supply, A 
more general rorin devised to rit obaervatlMiu^ Involves 
the function f(t) (which may be periodic, for e>:ample)j 



~ « f(t)*x*(n - x) or X 



on 



(c -f e ) 



(Fig, 87a) 



At moderate velocities, the resistance offered by vater 
to a ship (or air to an automobile or to a parachute) is 
approximately proportional to the velocity. 'Diat Is, 



a = a V 



k^v. 



or 



s = (-^)(1 - e-^''*). 




(a) 



Fig. S"! 



4. THE PROBABILITY ( OR NORMAL, OR OAUSSIAN) CURVE: 



y = e 



_ (Pig. 87b). 

(a) Since y' :^ ~xy and ,/" = y(x-'- - l), thp fl-?x 
points Sive (+1, e"^''^). (Ar ' bod t-oc t-n - villi 

one- side on the x-8.xis has area xy = -y', I');" 
largofsfc one is given by y" = O and thur, tv,-o corners 
are 'it the flex points.) 
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* (b) Area, By definition r (n) ay/^ z""^e*'*d2 • In this, 

let r (n) ^y/' x^^^-^.e-^ ^Sx dx ^ 2 J x^^-'^e** ^dx. 



Putting n « - , 



e dx « /tT = Area between y « e 



^ 0 

Its asymptote • 

The Normal Curve is, more specif Icallyj 



ani 



y « — * ® 



20 



For this population, n Is the size, V- the mean, and a 
the atandard deviation . Rewriting for simplicity t 



y a K-e , 



I 

the flex points are (+ a, k*e"^) « (+ <J,yo)* It is evi- 
dent that the flex tangents: 

y - yo - + i 
have x^intercepta vhich are completely independent the 
selected y-unit « 

A stream of shot 
entering the "slot 
machine" shown is 
separated by nail ob- 
structions into bins. 
!Phe collection will 
form into a histogram 
approximating the 
normal curve, the num^ 
ber of shot in the 
bins proportional to 
the coefficients in a 
binomial expansion* 
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FOLIUM OF DESCARTES 

HISTORY: Flri.t discuosed by Descartofj in 16^8. 



1. EQUATIONS: 




Fig. 89 



' 2. METRICAL PROPERTIES: 



(a) Area oi* loop: ~ 




- area between curve and 



arjyrpf'^'.' to . 
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5. GENERAL: 

(a) Its asymptote ia x + y a = 0. 

(b) Its Hessian ia another Pollmn of Descartes. 
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FUNCTIONS WITH DISCONTINUOUS PROPERTIES 



This collection la composed of Illustrations which 
may be useful at various times as counter examples to 
the more frequent functions having all the regular 
properties. 

1. FUNCTIONS WITH REMOVABLE DISCONTINUITIES s 

.2 4 



undefined for 



X =5 2, l3 represented by the line 

y =5 X + 2 except for the point 

where x = 2. Since Limit y = 4| 

X •» 2 

I this is a removable discontinuity. 



Fig. 90 




M y - — 9 undefined for 

X - 1, is reproGonted by the Para- 
bola y « + X + 1 except for the 

point vhfjre x « 1. Sinco Limit y « 

X ^ 1 

this ia a removable discontinuity. 



Fig. 91 



un- 



FUNCTIONS WITH DISCONTINUOUS PROPERTIES 

(c) The impor- 
tant function 
sin X 

defined for 
X =» 0 has 

Limit y =» 1 
X 0 

and thus has a 
removable dis- 
continuity. The 
hyperbolas 
xy « f 1 form a 
bound to the 
curve. 
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(d) The function 

y xs x»sin(-^) is not 

defined for x = 0. 
However, Limit y = 0 
X 0 

and the function has 
a removable disconti- 
nuity at X = 0. The 
lines y = + X form a 
bound to the curve 
near x = 0. 
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2. FUNCTIONS WITH NON- REMOVABLE DISCuNTINUITIES ; 

(a "I y = Art? tar. ~ , undefined 
i for X = 0, 

^ \. Limit y =: |; Limit y = ^ 

jr "^^^^ 1^^''^ ^'-^ rii'Jit limltp, are 

>J both finite i)ut different. 

^) 

Fig, 



(b) y - 3ln(-) is not 




definod for x 0. In 
every nelp.hborhood of 
X = 0, y takes all 
values between +1 and 

The x-axia is an 
asymptote . 

Limit sin(*^) does not 
y 0 ^ 

exist. 
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(c) y « L::ri:r, (I tiiv. iiy)^ I 

1. Q d I n 0 0 r. 1 1 1 . u u u r :'ov t ii o c o : 

j; X = 0, I, 2, ':>, ... 
but har. valuer: 4l ur -1 else- 
whet'e . 

Fig* 96 




Y 



(d) y =: 2^ Is undefined for 

X i= 0. Limit y = Oj 
X 0- 



Limit y = a 
X 0+ 

limits different 



Left and right 




Fig. 97 



lOif FACTIONS WITH DISCONTINUOUS PROPERTIES 

(e) y = —jT^ — 
2^ + 1 

i is undefined for x = 0, 



y • 1/2 



Since Limit y = 1, and 
X 0- 

Limit y - 0, left and 
X ^ 0+ 

right limits at X a 0 
a. e both finite but 
different. 



Fig. 98 

3. OTHER TYPES OP DISCONTINUITIES: 

(a) y a is undefined for 

X « 0, but Limit y « 1. 
X 04 

The function is everywh ere dis- 
continuous for X < 0. 




Fig. 99 
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(b) y = is undefined for x « 0, but Limit y = 0, 

X 0+ 

The function is everywhere discontinuous for x < 0. 




Fig. 100 
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(c) By halving the sides 
c •' AC and CB of th^- 

: i^oiK't-^lei^ triangle ABC, 
and continuing t!U.3 
, process as shown', the 

/ >s "saw tooth" path between 



X / V saw uooun puuf; oet 

XVy0\^O\/C\- ^ and B is produced. 
,/^/^>^>f >^ ^ ^ n' This oath is continu 



Fig. 101 



This path is continuous 
with constant length. 
The n^^ successive 
curve of this procession 



has no unique slope at the set of points whose co- 
ordiriatos, measured rroin A, are oT the form 

K*^,K=1, ...,n. 



(d) The "snowflake" (Von Koch curve) is the limit of 
the procession shown.* (Each side of the original 



Fig. 10^? 

equilateral triangle is trisected, the middle segment 
discarded and an external equilateral triangle built 
there). The limitin^;^ curve has finite area ^ infinite 
length j and j^o derivative anywhere ♦ 

The determination of length and area are good 
exercises in numerical series. 



* 'Hiio procession is the one devlaed by Boltzrnann to visualize car* 
tain theorems in the theory of gases. See Math. Annalen, 50(l896)« 
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(e) The or-p 1 r;f<ki " rpuot- I' M 1 i rir" *virvf !n the limlL 



Fig. IC^ 

I|>ju^ Lh , nc; d>^ .-rl vatlve anywhere^ and passes through 
every polti t w [ thin the or l^lnal square . 

CO 

(f) The Web.'r:;ti'aj?f5 function y = 2 b^'C0s(a"7;x) , 

0 

where a ir an odd positive Integer, b a positive 
-;;r;stant ierr^ tr;ar; ur.ity, althcuk-'h cur^Mnuous has no 
deriv ative ■^'\:<^!-:^j'2 ' • ' 

ah > 1 ^ ":f 
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GLISSBTTES 



HISTORY; The idea of Qllssettes in somewhat elementary 
form was known to the ancient Greeks. (For example, the 
Trammel of Archimedes, the Conchoid of NicomedesJ A 
systematic $tudy, however, was not made until I869 when 
Bf^sant published a short tract on the matter. 

1. DEFINITION J A Qlissette is the locus of a point - or 
the envelope of a curve - carried by a curve which slides 
between given curves # 

An interesting and related Qlissette is that generated 
by a curve always tangent at a fixed point of a given 
curv^. (See 6b and 6c below.) 

2. SOME EXAMPLES: 

(a) The Qlissette of the vertex P of a rigid angle 
whose sides slide upon two fixed points A and B is an 
arc of a circle . Furthermore, since P travels on a 
circle, any point Q of AP describes a Limacon > 
(See k). 




Tig. lOU 

(b) Trammel of Archimede s. 

A rod AB of fixed length slides with its ends 
upon two fixed perpendicular lines. 
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1. The Olisselle of- any point P of the rod (or 
any point rigidly attached) is an Ellipse > 

2, The envelope Glissette of the rod Itself is the 
Aatroid > (See Envelopes, jJa.) 

(c) If a point A of a rod, which passes always through 
a fixed point 0, moves along a 
given curve r = f(u), the Glis- 
sette of a point P of the rod k 
units distant from A is the 
Conchoid 



p 



.XT' 



r « f(e) f k 

of the given c^urve. (See 
Morlte, R. E., U. of Wash, Pub. 
1923, for pictures of many 
varieties of this family, 

where the base curve lo r « cos('^)]. 



\ 
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3. THE POINT GLISSETTE OF A CURVE SLIDING BETVfEEN TVfO 
LINES AT RIGHT ANGLES (THE x,y AXES) J 



If the curve be given by 
p a f(¥) referred to the car- 
ried point P, then 

y « p a f ((p) and X a f (<p + ^) 

are parametric equations of 
the Glissette traced by P. 
Per example, the Astroid 

p a sin 29, referred to its center, has the Glissette 

X a sin 2?, y « - sin 2tf 

(a segment of x + y ^ o) a:>-the locus of its center as 
it slides between the x and y axes* 




Fig. 106 



1.10 
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ABC , 
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loujli :Mv(^d 'liv'iir^:! with 
r^nlevr X, Y. A» this 
tria>i»^le moves, linos 
XA' and YA ' drawn 
paivallol to the sides 
are lines fixed to the 
triangle. Let the circle 
described by A' meat the 
parallel to BC through 
A' ir D. Theti angle 
DA'X annrje A'B'C « 
angle ABC, all con- 
stant, and thus D is a 
fixed point of the 
circle. The perpendicu- 
lar DP from D to BC is 
the altitude of the in- 
thus BC touches the circle 



variable triangle A'B'C and 
vLth that altitude as radius and center D,* 

The poir.t Oiir^sottoa (for oyample, any poi?^.t F of 
A'C; of thi' ty'i)^^^-' ixro Lln:n.M:,ns. (Sec Tronhold:; ;5d. ) 



5. OPJOTRAL TfCEOREMj An^' motion of a eonf Ltiuratio n i^x J[t8 
plane can bo reprr> rented by the rollln^^ c)f a certain 

another determinate curve . This 

reduces the problem of Glis- 
setters to that of Roulettes. 
A simple Illustration is the 
trammel AB sliding upon two 
porpendl nular lines. 1, the 
instantaneous center of rota- 
tion of AB^ lies always on 
the fixed oircle 
0 and radius AB. 
a J so lies on the 
AB as diameter - 
rled w.!th AB. The 




Fur* 



with center 
This point 
circle having 
a circle car- 
action then 



♦"'l.uf' tho Gll'.^B oi' nv i;ol.y<?on •^>nvplop0 r; I roles If two eidets 
tou/n c'rcjf**) or laas through two fixed pointo. Thin f^nterd the 
ir»oli^n of a rotcr, n convene c irve which rem<iin£i t/went to all 
oi^s'^r of B fl^feH r-niyrtor* whi^'^* the curve i« rotated. Se© 
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is as ir this i^maUer circle were rolling intcM-naUy 
upon a rixecl circle twice nn l:\r^r . Wonco, any point 
of AB describes an Klilpije and tiit- envel'jpe or AB is 
the Aatroid. 

6. GENSRAL ITEMS: 

(a) A Parabola alides on the x,y axes. The locus ol 
the vertex in\ 

x^y^{x^^ y^ + ?a^) - 5 

the focus is: 

' xV - a^(x^ + y^). 

(b) The path of the center of an Ellipae touching a 
straight line always at the same point is 

(c) A Parabola slides on a straight line touching it 
at a fixed point of the line. Tlie locus of the focus 
is an Hyperbola. 

(d) The bar APB> with PA a, PB b, moves with its 
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(e) The vertex of a carpenter^ s square moves upon a 
circle while one arm panses through a 
fixed point P, Tlie envelope of the 




other arm is a conic vith P as focus, 
(Hyperbola if F is outside the circle. 
Ellipse if Inside, Parabola if the 
circle be replaced by a line,) 
(See Conies l6. ) 
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HYPERBOLIC FUNCTIONS 



HISTORY: Of disputed origin; either by Mayer or by 
Riccati In the 18th century; elaborated upon by Lambert 
(who proven the irrationality of n). Further Investigated 
by Oudermann (I798-I85I), a teacher of Weierstrar.s. He 
complied 7-place tables for logarithms of the hyperbolic 
functions in IS52. 



1. DESCRIPTION: There functions are defined as follows: 
olnh X = , cooh X = • '- = /(l + Blnh^x), 

tanh X = — ; — , coth x = r • 

coBh X tanh x ' 

aech X = — ~ , each x ^ 



coah X ' ' Qlnn x * 
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k HYPERBOLIC FUNCTIONS 

INTERllELATIONS: 

(a) [iiv-f?r- Relations: 



arc ainh x = ln(x +v/x" + 1), x^ < 
arc cosh x ^ ln(x + - l), xT 1; 

(|)ln(|^^], > 1; 
arc sech x « In^^ + J-^ " ' ^ ^ 
arc cnch x Inl-^ ^ /--^ + 1 ), > 0. 



arc tanh x ^ (-r/ln [ ) v ' \ ] > < ^5 



arc coth x 



(b) Identities ; 

cosher. - slnh^x = 1; sech^x ss 1 - tanh^xj 
cach^x « coth^x - 1; 

sinh(x + y) :=t sinh x*co3h y ^ cosh x'sinh y; 
cosh(x + y) - cosh x'cosh y + sinh x'sinh yj 

sinh 2x ^ 2sinh x*cosh x; 

cosh 2x = cosh^x + sin^x; 



/ . ^ ta nh X ± tanh y ^ i^u ^ * / 



cosh _x 



- , :;oah X -f 1 
cosher « V > 



glnh X + sinh y - 2sinh cosh } 

x+y x-'V 
cosh X + cosh y 2cosh cosh ; 

sinh 3x i= 4sJnli^x + 33inh x; 
ccsh 3x = 4co3h^x - 3cosh x; 
{vluh X + cosh x) « sinh kx + cosh kx* 
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(c) Differentials and Integrals; 

Jtanh X dx s In coeh xi 
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d(Binh x) s cosh x«dx; 
d(coah x) s einh X dx) 



d( tanh x) s sech x dx; 

d( coth x) * •CBch^x dx; 

d( sech x) a -sech x*tanh x dx; 
d(c0oh x) s -*csch x*coth x dx; 

dx 



coth X dx » In I sinh x| : 

eech X dx s arc tan( slnh x| « 
gd X ; 

I csch X dx =s ln|tanh(|)| ; 



d(arc Blnhx) = t 



d(arc tanh x) » 



dx 



; d( arc cosh x) ^ > 



dx 



. -jr = d(arc coth x), (in different inter- 
* ^ ^ vale); 



d( arc sech x) » 



dx 



X x2 



; d(arc csch x) 



tdx 



(called the "gudermannian'*) x » 



r sec y dy 

Jo 



s ln| see y tan y I • 



3. ATTACHMENT TO THE RECTANGULAR HYPERBOLA: A comparison 
with the trigonometric (circular) functions is as fol- 
lowa* 
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lib 

y = a*oln t ♦ 
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For the ohaded Bectore (A): 

X :i*cosh t 



y a*olnli t ♦ 



u = arc tan - = t, 

X 



dU =: dt. 



But 



= coB^t + sin^t) = a^, 



0 5:arc ton arc tan( tanh t) , 

X 



dt 

(cooii'^t + olnh^t) 



= a^(cobh^t + Blnh^t), 



and thus 



t 

a'^dt 



2^. a^t 



In oHher case: 
2A 



o2 



or 



2A 

X - a •COB "-^ 



4 2A 
a*^ 



2A 

X = a*coBh — 
a2 



2A 

y a»Blnh — • 



Thus the Hyperbolic functions are attached to the 
Rectangular H.'/perbola in the same manner that the 
trigonometri ^ fun^'-Mons are attached to the circle ♦ 

^. ANALY'ilCAL REUT'ONS WITH THE TRIGONOMETRIC FUNCTIONS: 
The Kuler t''*>mn; 

'x 



• .\ » <*filn xj e"^ a cob(Ix) + l*eln(lx)5 
. '^00 X - l»9ln XJ « cob( Ix) - l»Bln(lx)} 



produce: 



•;oBh . : k) ■ 'OB XJ coBh X Si cob( ix); 

oinh i 'a] \ sin xj Blnh x = -i*sin(lx)5 
from \ihloh '>'Aer relatlcn^ a^c be derived. 
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5. SERIES REPRESENTATIONS: 
« ^ak-l 

tanh X = X - y * — . — * x^< Y 5 

1 X X^ 2X^ x'' 2 2 

cothx.-*-.-.^.— . x^< 5 

oechx=l.ix=.;^x''.|x«*i|f x°...., x^ J 

1 X 7X^ 31X^ 2^ 2 

= X - 6 ^ 56^-15iio* ^ ' ' 

1 x^ 1«3 x^ 1'5'5 x'' , , 

arc8inhx=x.-.- . . _ _ . x< 1. 



In 2x r • 



1*5 1 1*3*5 1 



2 2x2 " 2 



Ux'J'* 2^65^^* 3C > 1 j 



, ^ 11 1*3 1 1*3»5 1 

arc coeh x = In 2x - —s* - r-r - ^ , ^ t-s + . . . , x > 1 j 

2 2x^ 2*h lix4 2»li»6 6x® - 

arc tanh x = 2] 



^ 2k - 1 ' 

gd X « arc tail ( einh x) = - i x^ + ~ x^ - ~j x'^ + 



• • • • 



6. APPLICATIONS: 

(a) y = a'cosh - , the Catenary, is the form of a 
flexible chain hanging from two supports. 

(b) These functions play a dominant role in electrical 
communication circuits. For example, the engineer 
prefers the convenient hyperbolic form over the ex- 
ponential form of the solutions of certain types of 
problems in transmission. The voltage V (or current l) 
satisfies the differential equation 
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where x is distance along the line, y the unit shunt 
admittance, and z the series impedance • The solution:' 



gives the voltage in terms of voltage and current at 
the receiving end, 

(c) Mapping: In the general problem of conformal 
world maps, hyperbolic functions enter significantly* 
For instance, in Mercator^s (1512-159^) projection 
of the sphere onto Its tangent cylinder with the N«S 



where (x,y) Is the projection of the point on the 
sphere whose latitude and longitude are ? and 6, re- 
spectively. Along a rhmnb line . 



where a Is the inclination of a straight course (line) 
on the map. 



Kennelly, A. E. j Applie s of H^. Functions to Elec. Sngr. 

Problems , McGraw-Hill (1912). 
Merriman and Woodward: Higher Mathematics , John Wiley 

(1896) 107 ff • 

Slater, J. C: Microwave Transmission, McGraw-Hill (19^2) 
8 ff . 

Ware and Reedj Communication Circuits , John Wiley (19^2) 
52 ff. 




line as axis, 



X « e, 9 = gd Yi 



? « gd(e ♦ tan a + b) , 
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INSTANTANEOUS CENTER OF ROTATION and 



THE CONSTRUCTION OF SOME TANGENTS 



1. DEFINITION: A rigid body moving in any manner whatso- 
ever in a plane has an instanta* 
neous center of rotation. This 
center may be located if the 
direction of motion of any two 
points A, B of the body are known. 
Let their respective velocities be 
Vi and V2. Draw the perpendiculars 
to Vi and at A and B# The cen- 
ter of rotation is their point of 
intersection H. For, no point of 
HA can move toward A or H (since 
the body Is rip:id) and thus all 
points must move parallel to Vi» 
Similarly, all points of HB move 
parallel to Vg* But the point H cannot move parallel to 
both Vi and V2 and so must be at rest. 




Fig. 113 



2# CENTRODEj If two points of a rigid body move on known 
curves, the instantaneous center 
of rotation of any point P of the 
body is H, the intersection of 
the normals to the two curves • 
The locus of the point H is 
called the Centrode* (Chas^les) 




Pig. Ilk 
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3. EXAMPLES: 
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(a) The Ellipse is 
produced by the 
Tranunel of Archi- 
medes, The extremi- 
ties A, B of a rod 
move along two per- 
pendicular lines. 
The path of- any 
point P of the rod 
is an Ellipse** AH 
and BH are normals 
to the directions 
of A and B and thus 
H i3 \;he center of 
rotation of any 
point of the rod. 
HP is normal to the 
path of P and its 
perpendicular PT is 
the tangent* (See 
Trochoids, 

(b) The Conchoid + 
is the path of Pi 
and Pg where A, the 
midpoint of the con- 
stant distance PiPg, 
moves along the fixed 
line and PiPa (ex- 
tended) passes 
through the fixed 
point 0. The point 

of P1P2 passing 
through 0 has the 
direction of PiPs- 
Thus the perpen- 
diculars OH and AH 
locate H the center 
of rotation. The 
perpendiculars to 



* The path of P I0 an Elllpae if A and B move along any twd inter- 
secting llnoB. 
^ {for a more general definition, see Conchoid, 1#) 
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PiH and PgH at Pi and respectively, are tan^^ents 
to the curve, 

(c) Pop the Llmacon , B movef^ alon/: circle while 
OBP rotates about 0, Ah any 
Instant B moves normal to 

the radJus BA while the \p 
point on OP at 0 inovey In ^^^^"^ 
^>ie direction OP. The ^ * ^ 

center of rotation Is / 



thus H (a point of the / ^V""// ''^\ 

circle) and the tan/;^ent / />^^ // / 

to the Llmacon described "'tK'^^^ -A'^ *' 

by P Is perpendicular to C^ff "^A^^' 



\ ^ // / 
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(d) The laoptic of a curve Is the locus of the Inter- 
section of two tanftvnts which meet at » constant 
anfjle. If these tanf.entij meet the curve In A and B, 
tiio ro^^mals there to the triven curve meet In This 
Is the center of rotation of any point of the rigid 
body formed by the constant anfrle. Thus HP la normal 
to the path of P. For example, 
(see Olissettec, k) the locus 
of the vertex of a trianp»le, 
two of whose sides touch 
fixed f^^^-^olec, Is a Limacon. 
Normals to these tangents 
pass through the centers of 
the circle a and make a con- 
rtant ant-:le with each other. 
They nieet at H, the center 
of rotation, and the locus 
of H is accordinpily a circle 
through the centers of the 
two plven circles, pig, 
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(e) The point Qlissette of a curve Is the locus of P, 

a point rigidly attached to the 
^ ^ curve, as that curve slides on 

given fixed curves. If the points 
of tangency are A and B, the nor- 
mals to the fixed curves there 
meet in H, the center of rotation. 
Thus HP is normal to the path of 
P. 



Fig. 119 

(f) Trochoidal curves are generated by a point P 

rigidly attached to a curve that 
rolls upon a fixed curve. The 
point of tangency H is the center- 
of rotation and HP is normal to 
the path of P. This is particu- 
larly useful in the trochoids of 
a circlet the Epi- and Hypo- 
cycloids and the ordinary Cycloid, 
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INTRINSIC EQUATIONS 



INTRODUCTION' The choice of roference system for a par- 
ticular curve may be dictated by its physical character- 
istics or by the particular type of information desired 
from its properties^ Tlius, a system of rectangular 
coordinates will be selected for curves in which slope 
is of primary importance • Curves which exhibit a central 
property - physical or geometrical ~ with respect to a 
point will be expressed in a polar sy;5tem with the cen- 
tral point as pole* This is well illustrated in situa- 
tions involving action under a central force: the path 
of the earth about the sun for example. Again, if an 
outstanding feature is the distance from a fixed point 
upon the tangent to a curve - as in the general problem 
of Caustics - a system of pedal coordinates will be 
selected* 

The equations of curves in each of these systems, 
however, are for the most part "local" in character and 
are altered by certain transformations* Let a transforma- 
tion (within a particular system or from system to 
system) be such that the measures of length and angle 
are preserved* Then area ^ arc l ength , curvature , number 
of singular points , etc*, will be invariants* If a curve 
can be properly defined in terms of these invariants its 
equation would be intrinsic in character and would ex- 
press qualities of the curve which would not change from 
system to system. 

Two such characterizations are given here* One, re- 
lating arc length and tangential angle, was introduced 
by Whewellj the other, connecting arc length and curva- 
ture, by Cesaro* 



INTRINSIC EQUATICftfS 

THE WHEWELL EQUATION: The Vhewell equation Is that 
connecting arc length s and tangen- 
tial angle qp, where (p is measured 
from the tangent to the curve at the 
initial point of the arc. It will be 
convenient here to take this tangent 
X as the x-axis or, in polar coordi- 
nates, the initial line. Examples 
Fig. 121 follow. 




(a) CcnslHer the Catenary ? y « a»co3h(-^). 

a 



Here y' « sinh(-) = tan 9; ds^ « (1 + slnh^('^))dx®. 



Thus s a / cosh(7)dx = a'slnh('^), and 



a« 



tan if\ 



(This relation Is, of course, a direct consequence of 
the physical definition of the curve •) 

(b) Consider the Cardloldt r = 2a(l - cos e). 

Here tan ^ = lin^e ^^*^(|) * = | • 

39 

However, 9 ta ^ + 6 > and thus « ^ 
Ttie hrc length! ds^ « 8a^(l - cos 9)d0^ 



s a -8a'cos(^) 



-8a*co9(-f ) 
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The equation oV an Invo.Uite oV a given curve is 
obtained directly from the Vlievell equation by Inte- , 
»;*ratl.on. F:t exatnplf?, 



the constant of Interiratlon determl^ned conveniently « 

NOTE: The Inclination 9 depends of courpie upon the 
tan^ient to the curve at the selected point from 
which s Is measured. If this point were selected 
where the tanrent is perpendicular to the orJ(^lnal 
cho'lce, the WViewell equation would involve the co- 
function of (f . Thus, for example, the Cardlold may be 

^^lven by either of the equations: s a k«cos(^) or 



2. THE CESARO EQUATION: The Cesaro equation relates arc- 
length at)d radius of curvature. Such equations are 
definitive and fellow directly from the Vhewell equations, 
For example, consider the general family of Cycloidal 
curves: 



the c I rcle i 



a a a« <p 



has for an Involute; 




s = irclni-^) . 



Here 



R = 



s « a* sin b(f. 

ds , 

~ = ao' cos b <^ . 



Accordingly, 



+ b 
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3. INTRINSIC EQUATIONS OF SOME CURVES: 



Curve 


Wliewoll P^quntlon 


Cecjuro Equation 


Aotrold 


s 8 a*ooo 2f 


1*Q^ 4« = Ua^ 


Cardiold 






Catenary 


B s a*tan f 


8 + a*" a aR 


Circle 


D = a»9 


B = a 


Ciesoid 


B =i a( Bec'*9 - 1) 


729(B+a)® = a^9(B+a)^ + B^]^ 


Cycloid 


B » a«Bln 9 


B^ + a a^ 


Deltoid 


8b 

B « -T- COB 39 
* 


9b^ + a 64b^ 


Et) 1 M and 
Hypo-cycloide 


* 

B s a*Bin bf 


+ b • b a a b 


Equiangular 
Spiral 


B « a*(e>^*'' . 1) 


m( B '1' a) ■ R 


Involute of 
Circle 




2a»o a R^ 


Nephroid 


B a 6b 'Bin ? 


UR* + a 36b^ 


jTractrix 


e a a*ln Bee f 


a« + R« « a«.e"/^ 









* b < 1 Epl. 
b a 1 Ordinary* 
b > 1 Hypo* 
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INVERSION 



HISTORY: Qeometrical inversion seems to be due to 
Steiner ("the greatest geometer since Apollonius") who 
indicated a knowledge of the subject in 1824. He was 
closely followed by Quetelet (I825) who gave some ex- 
amples. Apparently independently discovered by Bellavitls 
in 1856, by Stubbs and Ingram in l842-3i and by Lord 
Kelvin in 18^*5 • The latter employed the idea with con- 
spicuous success in his electrical researches. 



1* DEFINITIONS Consider the circle with center 0 and 
radius k. Two poi its A and collinear with 0, are 
mutually Inverse w i t h respect to 
this circle if ' 

(OA) (OA) = k^. 

« 

In polar coordi^nates with 0 as 
pole, this relation is 



r.p 



in rectangular coordinates: 




Fig. 12? 



Xi 



k^x 



+ y 



k^y 



4. y- 



(If this product ia negative , the points are negatively 
inverse and lie on opposite sides of 0») 

Two curves are mutually inverse if every point of each 
h&s &n inverse belonging to the other. 
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2* CONSTRUCTION OP INVERSE POINTS; 




Fig* 

For the point A inverse to 
A, draw the tangent AP, 
then from P the perpendicu- 
lar to OA. From similar 
right triangles 

f or {ok)m = k^ 




A 

0 
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Compass Construction: Draw 
the circle through 0 with 
center at A, meeting the 
circle of inversion in P, Q« 
Circles with centers P and Q 
through 0 meet in "S. (For 
proof, consider the similar 
isosceles triangles OAP and 
PO*R • ) 



PROPERTIES: 

(a) As A approaches 0 the distance OTS increases in- 
definitely. 

(b) Points of the circle of inversion are invariant. 

(c) Circle s orthogonal to the circle of inversion are 
invariant. 

(d) Angles between two curves are preserved in magni- 
tude but reversed In direction • 

(e) Circles : 

r^ + A* r* cose + B*r*sin0 + C « 0 « + Ax +By + C 

Invert (by rp = 1) into the circles: 

l + A*p*cose +B*p»aine + C « c(x^ + y^) + Ax + By + 1 « 0 
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unless C » 0 (a circle through the origin) in which 
case the circle Inverts into the Line: 

1 + A*p'CO30 B'p*slnu 1 + Ax + By = 0, 

(f) Lines through the origins 

Ax + By =: 0 = A'cose + B'sinG 
are unaltered « 

(g) Asymptotes of a curve invert into tangents to the 
Inverse curve at the origin, 

• SOME INVERSIONS; (k = l) 
(a) With center of inversion 
at Its vertex, a Parabola in- 
verts Into the Cissoid £f 
Diocles* 



y^ « hx^ 



or 



hx^ 
(1 - hx) • 




(b) With center of inversion 
at a vertex, the Rectangular 
Hyperbola inverts into the 
ordinary Strophoid , 

- y^ 2ax = 0*->x^ - y^ + 
2ax(x^ + y^) « 0, 
2 1 + 2ax 



or y^ a x*" • 



1 - 2ax 




Tig, l$5 



(c) With center of inversion at its center, the 

Rectangular Hvperoola inverts 
ill to a Lemniscate. 




r^cosge = Ix ►p^ = cos 28. 



Fig. 126 



(d) With center of Inversion at a focus, the Conies 
invert into Limacons. 

i r < — *P e a + b'cos 6. 

^ ° (a + b.cos e) 




Fig. 127 
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(e) With center of Inversion at their center, con- 
focal Central Conies Invert 
into a family of ovals and 
"fipiures eint^t." 



= 1 




5. MECHANICAL INVERSpRS: 



Pig. 128 





Fig. 189 

The Peauoellier Cell (l864) . I The Hart Cr288|d ParfilM- 
the first mechanical | ogram carries four oollinear 
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inversor, is formed of two 
rhombuses as shown. Its 
appearance ended a long 
search for a machine to 
convert circular motion 
into linear motion, a 
problem that was almost 
unanimously agreed insol- 
able. For the inversive 
property, draw the circle 
through P with center A. 
Then, by the secant prop- 
erty of circles, 

(OP)(OQ) = (OD)(OC) 

« (a-b)(a+b) = a^ - b^. 

Moreover, 

(PO)(PR) =-(0P)(0Q) =b^-a^ 
if directions be assigned. 



points 0, P, Q, R taken on 
a line parallel to the 
bases AD and BC* Draw the 
circle throu^'ih D, A, P, 
and Q meeting*: AB In F. By 
the secant property of 
circles, 

(BF)(BA) = (BP)(BD). 

Here, the distances BA, BP, 
and BD are constant and 
thus BF is constant. Ac- 
cordingly, as the mechanism 
is aeformed, P is a fixed 
point of AB. Again, 

(OP)(OQ) « (of)(OA) «con- 

stant 

by virtue of the foregoing. 
Thus the Hart Cell of four 
bars is equivalent to the 
Peaucellier arrangement of 
eight bars. 



For line motion , an extra bar is added to each mechan- 
ism to describe a circle through the fixed point (the 
center of inversion) as shown in Pig. I30. 
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These remln oollinear as the linkage la deformed* 
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In each mechanism, the line f.enerated is perpendicular 
to the line of fixeu points. 

6. Since the Invei^se ^ cV A lien oi\ the polar oV A, the 
subject of inversion that of 
poles and polars ^ with respect 
to the given circle. The 
points 0, P, A, and 7t form an 
harmonic set ~ that is, A and 
^ divide the distance OP in 
"extreme and mean ratio*'. A 
generalization of inversion 
leads to the theory of polars 
with respect to curves other 
than the circle, viz., conies, 
(See Conies, 6 ff • ) 




7. The process of inversior. forms an expeditious method 
of solving a variety of problems. For example, the cele- 
brated problem of Apollonius (see Circles) is to con- 
struct a circle tangent to 
three given circles. If 
the given circles do not 
intersect, each radius is 
inci'eased by a length a 
so that tvo are tangent. 
This point of tangency is 
taken as center of inver- 
sion so that the inverted 
configuration is composed 
of two parallel lines and 
a circle. The circle tan- 
gent to t.hf?3e three 
elements is easily ob- 
tained by straightedge 
and compass. The inverse 
(with respect to the same 
circle of inversion) of 
this circle followed by an alteration of 
th$ length a is the required circle. 




Fig. 
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'ts radius by 
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8. Inversion is a helpful means of generating theorems 

or geometrical properties which are otherwise not readily 

obtainable, For example, con- 
sider thf^ elementary theorem: 
, "if two opposite angles of a 
• - I quadrilateral OABC are supplemen- 

tary it is cyclic." Let this con- 
figuration be inverted with re- 

'V-^ spect to 0, sending A, B, C into 

5, 13 and their circumcircle 

^.S^y ^ into the line 5c. Obviously, 1 

lies on this line. If B be al- 
lowed to move upon the circle, B 
moves upon a line. Thus 

"The locus of the intersection 
Plg» 133 circles^on the fixed points 

0,5 and 0,'5 meeting at a con- 
stant angle (here n - 9) is the 
line ICC." 
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INVOLUTES 



HISTORY: The Involute of a Circle was discussed and 
utilized by Huygens in 1695 in connection with his study 
of clocks without pendulums for service on ships of the 
sea« 

1. DESCRIPTION: An involute of a curve is the roulette of 
a selected point on a line that rolls (as a tangent) 
upon the curve. Or, it is the path of a point of a 
string tautly unwound from the curve. Two facts are evi- 
dent at once: since the line is at any point normal to 
the involute, all involutes of a given curve are parallel 
to each other. Pig. 154(a) j further, the evclute of a 
curve is the envelope of its normals . 



The details that' follow pertain only to the Involute of 
a Circle, Pig. 134(b), a curve interesting for its appli- 
cations. 




(a) 



Fig. 134 



(D) 
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2. EQUATIONS: 

X a a(co3t + t'slnt) 
y » a(3int - f coat) , 

» . (with respect to 0), /r^ - a^ » aO + atarc cob (1) 

r 

2« = «?<^ - at^ . 2ao aV). 



>. METRICAL PROPERTIES: 

^ * 6a QAi OP* AP), 



4. GENERAL ITEMS: 

(a) Its normal is tangent to the circle, 

(b) It Is the locua of the pole of an Equiangular 
spiral rolling on a circle concentric with the base 
circle (Maxwell, 1849), 

(c) Its pedal with respect to the center of its base 
circle i3 a spiral of Archimedes, 

(d) It Is the locus of the intersection of tangents 
drawn at the points where any ordinate to OA meets the 
circle and the corresponding cycloid having its vertex 
at A. 

(e) The limit of a succession of involutes of any 
given curve is an Equiangular spiral, (See Spirals , 
Equiangular, ) 

(^) In 1891 > the dome of the Royal Observatory at 
Greenwich was constructed in the form of the surface 
of revolution generated by an arc of an involute of a 
circle. (Mo, Notices Roy, Astr, Soc, v 51, p, 436 •) 

(g) It is a special case of ^he Euler Spirals, 

(h) The roulette of the center of the attached base 
circle, as the involute rolls on a line, is a para ^ 
bolft. 
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(1) Its Inverse with respect to the base circle is a 
spiral tractrix (a curve which in polar coordinates 
has constant tangent leni^th), 

(j) It is used frequently In the desir;n of cants, 

(k) Concerning its use in the construction of gear 
teeth, consider its generation by rolling a circle 
together with ^its pla ne along a line, Fig. 135 • The 
path of a selected point P 
of the line on Jbhe moving 
plane is the involute of a 
circle. At any instant the 
center of rotation of P is 
the point C of the circle. 
Thus two circles with 
fixed centers could have 
their involutes tangent at 
P with this point of tan- 
gency always on the common 
internal tangent (the line 
of action) of whe two 
circles. Accordingly, a 
constant velocity ratio is transmitted and the funda- 
mental law of gearing is satisfied, Advantages over 
the older form of cycloidal gear teeth includes 

1. velocity ratio unaffected by changing distance 
between centers, 

2» constant pressure on the axes, 

J. slii^^le curvature teeth (tnus easier cut^, 

4» more uniform wear on the teeth. 
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ISOPTIC CURVES 

HISTORY? The origin of the notion of isoptic curves is 
obscure. Among contributors to the subject will be found 
the names of Chasles on isoptics of Conies and Egi- 
trochoids (1837) and la Hire on those of Cycloids (1704) ♦ 

1. DESCRIPTION: The locus of the intersection of tangents 
to a curve (or curves) meeting at a constant angle a is 
the Isoptic of the given curve (or curves). If the con- 
stant angle be n/S, the isoptic is called the Orthoptic > 
Isoptic curves are in fact Olissettes . 

A special case of Orthoptics is the Pedal of a curve 
with respect to a point. (A carpenter* s square moves with 
one edge through the fixed point while the other edge 
forms a tangent to the curve). 

2. ILLUSTRATION: It is well known that the Orthoptic of 
the Parabola is its directrix while those of the Central 
Conies are a pair of concentric Circles. These are im- 
mediate upon eliminating the parameter m between the 
equations in the sets of perpendicular tangents that fol- 
low i 




Pig. 136 
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y - nix 
my + X J 



» 0 
« 0, 



y - mx + pm « 0 
m^y + mx + p a 0. 



(The Orthoptic of the 
Hyperbola is the circle 
through the foci of the 
corresponding Ellipse and 
vice versa.) 



3* GENERAL iTiSMS: 

(a) The Orthoptic is the envelope of' the circle on PQ 
as a diameter. (Fig. 1>7) 

(b) The locus of the intersection 
of two perpendicular normals to a 
curve is the Orthoptic of its 
Evolute. 

(c) Tangent Construction: Pig. 137* 
Let the normals to the given cur^'e 
at P and Q meet in H. This is thf, 
instantaneous center of rotation 
of the rigid body formed by the 
constant angle at R. Thus HR is 
normal to the I sop tic generated 
by the point R. 




Pig. 137 



4. EXAMPLES: 


Given Curve 


Isoptic Curve 


Cycloid 
Epicycloid 
Sinusoidal Spiral 
Two Circles 
Parabola 


Curtate or Prolate Cycloid 
Epi trochoid 
Sinusoidal Spiral 
Limacons (see Qlissettes, k) 
Hyperbola (same focus and directrix) 







ERIC 



140 


ISOPTIC CURVES 


Given Curve 


Orthoptic Curve 


iwo uoxuocai Lonico 


Concontrlc Circle 


Hypocyclold 


r = (a-?b).sln(^^^g^jK|.U) 


Deltoid 


Its Inscribed Circle 


Cardlold 


A Circle and a Lljnacon 


2 2 2 

Astro Id: + « 


a^ 

Quadrl foil urn: r^ = f— )*cob^20 


Slnueoidal Spiral: 


1r 0 

Sinusoidal Spiral: r - a»cofl'^(-) where 
n 




729y = I80x . 16 


3( X + y) = 


8ly^x^ + y^) . 36(x^ . 2xy + 5y^) +128«0 


x^ys . Iia(x3 + y^) + 




iSa^yy . 2ya^ « 0 
Equiangular Spiral 


X + y + 2a « 0 

A Congruent Spiral* 



NOTE: The a-Isoptic of the Parabola = 4ax is the 
Hyperbola tan*a»(a + x^^ « - 4ax and those of the 
Ellipse and Hyperbola: (top and bottom signs resp^j 



tan^a.(x^ + y^ - a^ + b^)^ ^ 4(aV + b^x^ + aV). 
(these Include the n - a Isoptlcs)* i 
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KIEROID 

HISTORY: This curve vas devised by P, J. Kiernan in 19^5 
to establish a family relationship among the Conchoid , 
the Cissoid , and the Strophoid > 

1. DESCRIPTION: The center B of the circle of radius a 
moves along the line BA, 0 is a fixed point, c units 
distant from AB. A secant is drawn through 0 and D, the 
midpoint of the chord cut from the line DE which Is 
parallel to AB and b units distant. The locus of Pi and 
fs, points of intersection of OD and the circle, is the 
Kierold, 




Fig. 138 

The curve has a double point if c < a or a cusp if c = a. 
There are two asymptotes as shown. 
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2. SPECIAL CASES: 

If* I- « 0, the 
curve is a Con- 
choid of 
Nicomedeo. 




KIEROID 

Three special cases 

If b a, the 
curve Is a CIs - 
sold (plus an 
asymptote) • 




Fig, 139 



are of Importance: 

If h = a « -0 
(points 0 and A 
coincide) , the 
curve is a Stroph e 
old (plus an 
asymptote) • 




It is but an exercise to form the equations of these 
curves after suitable choice of reference axes^ 



LEMNISCATE OF BERNOULLI 



fllSTORYj DlBCQvered and discussed l-y Jacques Bernoulli 
in 1694. Aleo studied by C. Maclauriru James Watt (1784) 
of steam engine fame is responsible for the crossed 
parallelo»-ram mechanisni plven at the end of this sec- 
tion. He used the device Tor approximate line motion - 
thereby reducin/r; the hei^-ht or his engine house by nine 
feet. 



1. DESCRIPTION? 

The Lemnlscate Is a special 
Cassinlan Curve . That .1s, 
it is the locus oV a point 
P the product of whose dis- 
tances from two fixed 
points Fx, Fe (the f l) 2a 
unitij apart is constant and 
equal to a^ . 



It Is the Cissoid of the 
circle of radius a/2 with 
respect to a point 0 dis- 
tant a /2/2 units from 
its center. 





Fig. lUo 



(Fj.P)(Fi>P) ^ a® 

A Point" wise Construction ; 
Let OX a a Then, by the 
secant property of the cir- 
cle on PiFs as diameter: 

(XA)(XB) « a^. 

Thus I take PiP » XB, 
PfiP a XA, etc. 



r = OP » OB - OA a AB. 

sin a sin 0 



Since 



a 



v^/2 



a 

2 



raa^Gos a aa /(I - 29in^e) , 



r^ s a^icos . 



Ikh LEMNISCATE OF BERNOULLI 

2. EQUATTollS! 

f'' = a" 'j;-, 2 0, or = a^':-:>;20, r-t.-. 

= a^.p.. 

-J>, METRICAL PROPERTIES: 
A = a^'. 

L = 4a(l + •••^ (elliptic). 

V (of s cor. 20 revolved a'uout the polar axis) 
= 27ia^(2 - 

;>r ;.p ^ 2 

4. GEMEHAL ITEMS: 

(a) It li: the Pedal oV a Rectani;::ular H.vper^bola with 
respect to its center . 

(b) It ia the Inverse of a RectanOTlar Hyperbola with 
respect to Its center. (The asymptotes of the Hyper- 
bola invert into tar.t'^ents to the L(^mnincate at the 
origin. ) 

(c) It is the Sinusoidal Spiral: r" ^ a"cos n0 for 
n = 2, 

(d) It is the locus of flex points of a family of 
confocal Cassir.ian Curve?; « 

(e) It is 'he onve.: ope of circles with centers on a 
Rectanp;ular H:/perbola which pass throu-^h its center* 



LEMNISCATE OF BERNOULLI 

(f) Tan};:ent Cohr; true t'.O!.; 



U5 





vith the 



[•adluf veo tor 



and ;5U with the pjlar 



a>. 1 s . The tangent Is 



thus eafi;ll.v corif^truc d. 
(^•) Radius of Curvature 

(PIr. l^a) R — . The 



Fig. liil 



projectioi. of H on the radius vector is 



Thuf: the pendicular to the radius vector at Its 
trlsec tion p oint farthest from 0 meets^ the normal In 
the cente r oj] curvature . 

(h) It Is the path of a body acted upon by a central 
force varying* inveryely as the' s eventh power of the 
distance. (See Spirals cir and JfT) 
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( J ) Oeneration by Linkages ; 





Fig. 11*2 



OA «AB«a} BC» CP« OC 



c» 



Since angle BOP « - always, 



2 



« (BP)^ - (OB) 
2a^ - 4a^s.ln^e, 
or « 2a^co8 29. 



AB 
AD 



CD 
BC 



a /2 . 
a* 



P and 0 are midpoints of 
DC and AB, reap. 

a a^cos 20, 

(See Tools * ) 
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LIMACON OF PASCAL 



HISTORY: Dlscuvt^red by Etl(:'nr>:*- (father of Blaise) Par>?al 
and dlscusred by K-jnerval In I65O. 

1. DESCRIPTION: 

It Is the Epitrjch.jld 
,>neratc-d 'jy a r.^-> t 
ri;^.ldly aitacr.f-d t-^ a 
circle roll Liu* upjii ai 
equal I'lxed circle. 



It Is tlie Conchoid o:' a 
circle vhere the fixed 
poU^.t if) on the circle. 





Fig. 

Cusp if 2a ^ kj Double Point : 2a < k; Indentation t 



2. EQUATIONS: 

X s 4a'cost - k«cos2t 
y t:^ 4a*slnt - k*3in2t 

(x^ + - 2ax)^ « k^(x^ + y^), 
(origin at singular point). 



r « 2R*co8e + k. 
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5. GENERAL ITEMS: 

(a) rt is the Pedal of a circle with respect to any 
point, (if the point is on the circle, the pedal is 
the Cardioid.) (For a mechanical description, see 
Tools, p. 188.) 

(b) Its Evolute is the Catacaustic of a circle for 
any point source of light. 

(c) It is the Qlissette of a selected point of an 
invariable triangle which slides between two fixed 
points . 

(d) The locus of any point rigidly attached to a con- 
stant angle whose sides touch two fixed circles is a 
pair of Limp-cons (see Olissettes 2a and 4), 

(e) It is the Inverse of a conic with respect to a 
focus. (The inverse of r « 2a«cos0 + k is 
r(2a*co5e + k) = 0, an Ellipse, Parabola, or Hyper- 
bola according as 2a < k, 2a = k, 2a > k). (See 
Inversion 4d. ) 

(f ) It is a special Cartesian Oval . 

(g) It is part of the Orthopti c of a Cardioid. 

(h) it is the Trisectrix if k « a. The angle formed 
by the axis and the line Joiriing (a,o) with any point 
(r,9) of the curve is 3U. (Not to be confused with 
the Trisectrix of Maclaurin which resembles the 
Folium of Descartes.) 
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(i) Tangent Construction } 

The point A of the bar has 
direction perpendicular to 
OA while the point of the 
bar at B has the direction 
of the bar itself. The nor- 
mals to these directions 
meet in H, p. polnu of the 
circle. Accordingly, HP is 
normal to the path of P and 
its perpendicular there is 
a tangent to the curve. 



PASCAL 



Since T is the center of 
rotation of any point 
rigidly attached to the 
rolling circle, TP is 
normal to the path of P 
and its perpendicular at 
P Is a tangent. 




(a) Fig* lUU (b) 

(.1) Radius of Curvature t ^ ^ (ga f 

The center of curvature Is at C, Pig. 144(a)* 
Draw HQ perpendicular to HP until it meets AB in Q. 
C is the intersection of QO and HP. 

(k) Double Generation: (See Epicycloids.) It may also 
be generaLc^d by a point attached to a circle rolling 
internally (centers on the same side of the common 
tangent)* to a fixed circle half the filae of the roll-* 
ing circle* 



(1) TUe Llmacon may be 
linkage : CDKF and COED 
are two similar (pro- 
por tional ) crossed 
parallelograns with 
points C and P fixed 
to the plane* CHJD is 
a parallelogram and P 
is a point on the ex- 
tension of JD. The 
action here is that 
produced by a circle 
with center D roll- 
ing upon an equal 
fixed circle whose 
center is C. The 
locus of P (or any 
point rif^idly at- 
tached to JD) is a 
Limacon« (See an 
equivalent mechanism 
under Cardioid. ) 



LIMACON OF PASCAL 

generated by 



the followini 
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Fig. ll»5 
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N PHROID 



HISTORY: Studied by Huyi^ons and Tsc^hlrnhauaen about 1679 
In connectiun with (.he theory of caustics, Jacques 
Bernoulli in I692 shoved that tho Nephroid Is the cata- 
cauDtic of a cardiold for a lumlfious cusp. Double genera^ 
tion was rirst diccovered by Danlul Bernoulli in 1725« 

1. DESCRIPTION: The Nephroid is a ;>cu3ped Epicycloldi 
The rolling circ*^- may be one-half (a 2b) or three- 
halves (jJa =^ 2b) the radius of the fixed circle. 



For thi3 double generation, let the fixed circle have 
center 0 and radius OT = OE « a, and the rolling circle 
center A« and radius A'T» A»P = a/2, the latter carry- 
ing the tracing point P. Draw ET», OT'F, and PT» to T 
Let D be the intersection of TO and FP and drav the 
circle on T, P, and D, This circle is tangent to the 
fixed circle since angle DPT n/2. Now since PD is 
parallel to T«E, triangles OET' and OFD are Isosceles and 




Pig* 1U6 



thus 



TD a 3a* 



1 
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Furthermore, arc TT' ^ 2au and arc T'P =^ aU =: arc T'X. 

Thuii nv- TX := }n{j arc TP. 

Accc)rding?Ly, if P vore attached to either rolllru': circle 

the one of radius a/2 or the one ol* radius 3a/2 - the 
oariie Neph:»o.Ici would be ^^eneratod, 

2. EQUATIONS: (a 2b) , 

. s = 6b '3111(1). ;ur' + = 36b^. 

(r/2)'^ . a^ . [sin^(|) + cob*^(|)]. 
x»co39 + y.sin? = 4b*sln(^). 

3. METRICAL PROPEHTIESj (a ^ 2b). 

L = 2nb. A = I27ib^. ^ = • 

4. GENERAL ITEMSs 

(a) It is the catacaustic of a Cardioid for a luminous 
cusp* 

(b) It xs the catacaustic of a Circle for a sot of 
parallel rays. ^ 

(c) Its e volute is another Nephroid. 

(d) It ic the evolute of a Cayloy Sex tic (a curve 
parallel to the Nephroid) . 

(e) It is the envelo pe of a diameter of the circle 
that generates a Cardioid, 

(f ) Tangent Cons.truction t Since T* (or T) is the 
instantaneous center of rotation of P, the normal is 
T*P and the tangent therefore PP (or PD) . (Pig. 151.) 
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PARALLEL CURVES 



HISTORY: Leibnitn: was the first to consider Parallel 
Curves In 169&-4, prompted no doubt by the Involutes of 
Huyg^ns (1673). 



1. DEFINITION: Let P be a variable point on a given 
curve. The locus of Q and Q', + k 
units distant from P measured along 
the normal, is a curve parallel to 
the given curve. There are two 
branches. q 

For some values of k, a Parallel 
curve may not be unlike the given 
curv© in appearance, but for other 
values of k It may be totally dis- 
similar. Notice the paths of a pair ^^8* 
of wheels with the axle perpendicu- 
lar to their planes. 



S. GENERAL ITEMS: 

(a) Since Parallel Curves have common normals, they 
have a common Evolute . 

(b) The tangent to the given curve at P is parallel 
to the tangent at Q, A Parallel Curve then is the 
envelope of lines : 

ax + by + c « + k'/ a^ + b^ , 

distant + k units from the tangent: ax + by + c a 0 
to the given cur^-e. 

(c) A Parallel Curve is the envelope of circles of 
radius k whose centers lie on the given curve. This 
affords a rather effective means of sketching various 
parallel curves. 
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PARALLEL CURVES 



(d) All Involutes of a .^iven 



<.:urvo ai'o paz*allel to p»ach 



/ 




other (FlK. UQ) . 



Fig. V\8 

(e) The ' difference in leni^ths of tvo branches of a 
Parallel Curve is ^nk. 



J. SOME EXAMPLES: Illustrations selected from familiar 
curves follow* 

(a) Curves parallel to the Parabola are of the 6th 
degree; those parallel to the Central Conies are of 
the 8th de^^ree. (See Salmon's Conies). 

4 -i ^ 

(b) The Astroid + « has parallel curves j 
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if. A LINKAGE FOR CURVES PARALLEL TO THE ELLIPSE: 




Fig. 190 

A straight line mechanism Is built from two propor ^ 
tlonal crossed parallelograms 00*EDO and 00*FAO. Th^ 
rhombus on OA and OH Is coiQpleted to B, Since 00* (here 
the plane on which the motion takes place) always bi- 
sects angle AOH^ the point B travels along the line 00* « 
(Seo ToolSi p, 96*) Any point P then describes an El- 
lipse with semi-axes equal In length to OA -f AP and PB« 

Since A moves on a circle with center 0, and B moves 
along the line 00% the Instantaneous center of rota- 
tion of P Is the Intersection 0 of OA produced and the 
perpendicular to 00* at B« This point C'then lies on a 
circle with celiter 0 and radius twice 0A« 

The "kite" CAPO Is completed with AP - PO and 
CA • CO* Two additional crossed parallelograms APMJA 
and PMNRP are attached In order to have PM bisect angle 
APO and to Insure that PM be always directed tdvifd 
Thus PM Is normal to the path of P and any point such as 
Q describes a curve parallel to the Ellipse* 
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PEDAL CURVES 



HISTORYt The idea of positive and negative pedal curves 
occurred first to Colin Maclaurin in 1718] the name 
'Pedal' is due to Terquem, The theory of Caustic Ciu»ves 
includes Pedals in an important role: the orthotomic is 
an enlargement of the pedal of the reflecting curve with 
respect to the point source of light (Quetelet, 1822). 
(See caustics,) The notion mi r be enlarged upon to in- 
clude loci formed by dropping perpendiculars upon a line 
making a constant angle with the tangent - viz., pedals 
formed upon the normals to a curve. 

1. DESCRIPTION: The locus Ci, Pig. 151(a) # of the foot 
of the perpendicular from a fixed point P (the Pedal 
Point) upon the tangent to a given curve C is the First 
Positive Pedal of C with respect to the fixed point. 
The given curve C is the First Negative Pedal of Ci. 




TANOENt 



(a) Pig. 151 

It Is shown elsewhere (see Pedal Equations, 5) that 
the angle v between the tangent to a given curve and tl 
radius vector r from the pedal point, Pig. 151(b), 
equals the corresponding angle for the Pedal Curve, 'rh' 
the tangent to the Pedal Is also tangent to the circle 
on r as a diameter. Accordingly, the envelope of these 
circles Is the first positive pedal . 



PEDAL CURVES l6l 

Conversely, the first negative Pedal is then the 
envelope of the line through a variable point of the 
curve perpendicular to the x^adius vector from the Pedal 
point , 

2. RECTANQULAR EQUATIONS: If the given curve be 
f(x,y) a 0, the equation of the Pedal vith respect to 
the origin is the result of eliminating m between the 
line: 

y = mx + k 

and its perpendicular from the origin: my + x a 0, vhere 
k is determined so that the line is tangent to the curve. 
For example; 

The Pedal of the Parabola a 2x vith respect to its 
vertex (0,0) is 

^^"^■^iS H 2x- 

or y « - , a Cissoid, 

my + X a 0 i- -L 

POLAR EQUATIONS: If (ro,eo) are the coordinates of 
the foot of the perpendicular from 
the pole: 

tan ifi = r^dr^' r.^sin \f 

' ^ i. 

and y + (0-Oo)=|. . 
Thus a 1 + (J^)(4^)^ i; ' - 

Among these relat'ons, r,B and ^ 
may be eliminated to give the 

polar equation of the pedal curve vith respect to the 
origin > 



Fig. 152 



For example, consider the Sinusoidal Spirals 

r ' 

r^^ a a^os nu Differentiating: n( — ) = -n^tan n9 
— r 

a n«cot \f i thus a - + n8. 



If 

Rectifiabl© whon is an integer, 
n 
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PEDAL CURVES 



But 9 - Bo + I - * " 80 - ne and thus 6 a ^^^'^ . 



Now To = T'Sin ^ = r»co3 n8 » a'coa nfl'oos n9, 
or 



ro - a-co8('^+^)/"ne - a-coa^*^*^)/^! 1 • 



Thus, dropping subscrlptSi the first pedal with respect 
to the pole is: 

r ■ a cos n^e where « ^^^^ $ 

another. Sinusoidal Spiral » The iteration is clear. Ihe 
kth positive pedal is thus 



r ■ a cos njfS 



where nj, - (j^ I i) 



Many of the results given in the table that follows can 
be read directly from this last equation. (See also 
Spirals 3| Pedal Equations 6.) 

k. PEDAL EQUATIONS OP PEDALS; Let the given curve be 

r « f (p) and let pi denote the per- 
pendicular from the origin upon the 
tangent to the pedal. Then (See 
Pedal Equations) t 

p^ « r«pi a f (p) 'Pi. 

Thus, replacing p and p^ by their 
respective analogs r and v$ the 
pedal equation of the pedal ia i 




rig. i» 



Thus Go nflide r the circle r" > ap. Here f (p'> ■ >/ap"^ and 
f(r) ■ y( ar ) . Hence, the pedal equation of tt^ Peda l 
with respect to a point on the circle is 



r" - /(ar)*p 



or 



.3 - 



ap* 



a Cardloid . (See Pedal Equations , 6.) 

Equations of successive pedals are formed in similar 
fashion. 
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5. SOME CURVES AND THEIR PEDALS: 



Given Curve 


Pedal Point 


Flrot PoBitive Pedol 


Cirole 


Any Point 


Limacon 


Cirole 


Point on Cirole 


Cardioid 


Parabola 


Vertex 


CiBBOid 


Parabola 


FOOIIB 


Tangent at 
Vertex 


See 


Central Conio 


FOOUB 


Auxiliary 
Circle 


* 

ConioB> 
16. 


Central Conio 


Center 


r* ■ A ♦ B«oob29 


Beotangular Hyperbola 


Center 


LemniBoate 


Bqulangular Spiral 


Pole 


1i!ntiiiin£nilfli* SDiral 


uartnoid \p o s r ; 


Polfi ( CUfiT)^ 


Cayley*B Sextio 


Lemnieoata (pa^ ■ r^) 


Pole 


r ■ ^ 


Cataoaufitio of a 
Parabola for raye 
pe2*pendioular to its 

3/ 0\ 

r*ooB (^) « a 


Pole 


Parabola 


SinUBoidal Spiral 


Pole 


Sinusoidal Spiral 


III 

Aetroidt 3t^ ♦ « a' 


Center 


2r « t a'BinSe (Quadri« 
foliun) 


Parabola 


Foot of Direotrix 


Bight Strpphoid 


Parabola 


Arb* Point of 
Direotrix 


Strophoid 


Parabola 


Refleotion of 
FoouB in Direo* 
trix 


Triseotrix of 
Maolaurin 


CiBBoid 


Ordlnax7 f ooub 


Cardioid 


Ipi- afid Qypooycloide 


Center 


HOBBB 









161) PEDAL CURVES 

(Tablet Continued) 



Given Curve 


Pedal Point 


FifDt Pooltive Pedid 


Deltoid * 


Cuep 


Simple Folium 


Deltoid 


Vertex 


Double Folium 


Deltoid 


Center 


Trifolium 


Involute of a Circle 


Center of Circle 


Archimedlan Spiral 


3 3 3 

X + y =: a 


Origin 


(x^y^)^«a^(x^ + y^) 


jyi , n 


Origin 


j,n+m ^ 


y n ^ n 

(^) mJ) =1 

a D 
( Lame Curve) 

(which for n a 2 le an 


Origin 
I Elllpee; for n « 


, .n/(n-i) .n/(n«i) 
(ox) +(by) ' Tt 

t 2 2xn/(n«i) 
(x + y ) ' ' 

1/2 a Parabola) . 



Ik 

ItB pedal with "eepect to (b>0) has the equation: 



[(X - b)^ + y^]*fy^ + x(x-b)] ^ Mx - b)y^, 
where + y^ « 9a^ le the clrc\ancircle of the Deltoid. 

6« MISCELLANEOUS ITEMS: 

(a) The 4th negative pedal of the Cardloiu with re- 
spect to its cusp is a Parabola , 

(b) The 4th positWe pedal of r*^cos(-)0 ^ ^ with 

9 

respect to the pole is a Rectangular Hyperbola , 

(c) R'(2r^ - pR) ^ r^ where R, R« are radii of curva- 
ture of a curve and its Pedal at corresponding points. 
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PEDAL EQUATIONS 



ERIC 



!• DEFINITION: Certain curves have simple equations 
when expressed In terms of a radius vector r from a 
selected fixed point and the perpendicular distance £ 
upon the variable tangent to the curve. Such relations 
are called Pedal Equations . 



2. PROM REGTANOUIAR TO PEDAL EQUATION: If the given 

curve be in rectangular coordinates, 
the pedal equation may be established 
among the equations of the curve, its 
tangent, and the perpendicular from 
the selected point* That is, with 

f(xo,yo) « 0, 

(fy)o(y- yo) + (fx)o(^- ^o) « 0, 



Fig. l^k 



« [Xo(rx)o + yo(fy)o] 



where the pedal point is taken as the 
origin. 



3. FROM POLAR TO PEDAL EQUATION: 

Among the relations: r « f(e), p » r«sln \|; , 
r 

tan ^ = where the selected point is the origin of 

coordinates, 0 and may be eliminated to produce the 
pedal equation, (Por example, see 6.) 
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i», CURVATURE IN PEDAL COORDINATES! The expression for 
radius of curvature is strikingly simple: 




Pig. 155 

r dO\ 

Slnco ds^ = dr^ + r^dO^ and tan^f =■ = dr^ » 

t « r(~) » P'(4?)/r and thus dQ/ds n p/r^ 
as ciw 

Now p = r.sln if ^Ip'a (sin i)>)dr + r(cos ^)d^, 

da d* dO /l\/dpx 
Accordingly. 'K = « ^ s * = ^r^^d^^ °^ 

dp 

5. PEDAL EQUATIONS oP PEDAL CURVES: Let the pedal equa- 
tion of a given curve be r « f(p). If pi be the perpen- 
dicular upon the tangent to the first positive pedal of 
the given curve, then, since p makes an angle of 

a - ^ with the axis of coordinates, 



tan 0 - p(— ) (see Pig. 155) . 
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Now tan ^{fj . r«sln 

and thxxii tan ^ ^ sin H"('^) » tan H'.. 
Accordingly, (p =s ij/ and 2= r«pi. 

In this laat relation, p and px play the samr^ roles do 
r and p respectively for the given curve. Thus the podal 
equation of the first positive pedal of r = f(p) is 

1 



Equations of successive Pedal curves fire obtained in the 
same fashion. 

6, EXAMPLES; The Sinusoidal Spirals are a'^sin W 

Here, 



— T = tan ne s tan ui . 
r ^ 

Thus a nO , a relation giving the construction of tan- 
gents to various curves of the family. 



p s r.sln (|i = r.sin nO = 



or 



a"-p 



,n+x 



, the podal equation of the given 

curve. Special members of this fMiily are included in 
the following table: 



Curve 



Pedal 
Equation 



Rect ♦Hyperbola 



rp s a 



-r^/a^ 



r»0 



InO + a rt 0 



Lino 



p « a 



•1/2 



2a 



1-COB U 



Parabola 



p^ « ar 



2/r7e 



hl/8 



r«(-)(l-coB U) 



Cardlold 



2 a 
p a r 



+1 



+ 2 



i a a»oln 0 



Circle 



pa = r 



a 
2 



r" « a'^Bln 20 



Lomnldcate 



2 3 
pa r 



a 
3t* 



vSeo also Spirals, 3 and Pedal Curves, 3« ) 
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Other curves and corresponding pedal equations are given: 



CURVE 


PEDAL 
POIOT 


PKi>AL EQUATION 


Po2»abola (IJi = Ua) 


Vertex 


a^(r^.p^)^«P^(rW)(pM.a^) 


Ellipee 


Focus 


b^ 2a 
pS r 


Ell Ipso 


Center 


— — - + r =$ a + D 


Hyperbola 


FocUD 


b^ 2a , 
p2 r 


Hyperbola 


Center 


,2* 2 

a D 2 S V.S 

— — . r*" « -a'' + b^ 


Epl- and flypocycloido 


Center 


0 0 # ^^ 
H Ar^ + B 


Astrold 


Center 




Equiangular (a) Spiral 


Pole 


p a r»sln a 


Deltoid 


Center 


8p^ + 9r^ « a^ 


Cotes* Spirals 


Pole 


n — + B 

p2 r2 


r°^ a°^e * (Sacchl 


Pole 


p (m 'r + a ) = m •r 



*m = l:ArchlJnedenn Spiral) m « asFermat's Spli-^] 
m a -IsHyperbollc Spiral) m = - SjLituus. 

** . ( a + gb)^ _ 2. 
i4.b(a + b) 
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PURSUIT CURVE 

HISTORY: Credited by some to Leonardo da Vinci, it was 
probably first conceived and solved by Bouguer in 1732 • 

1. DESCRIPTION: One particle travels along a specified 

curve while another pursues it, 
its motion being always di- 
,;; : , rected toward the first particle 
' with related velocities, 



If the pursuing particle is 
assigned coordinates (xiy) and 
there Ls a function g relating 

the two velocities 4r , 4t < 

dt ' dt * 

then the thr-^e conditions 



Fig. 156 



f(^, n) « Oj 



in 



« y'j 



g( 



ds 

dfc* dt 



0, 



among which 5, r] (coordinates of feh@ put^iu^^ ^||^|i©l©) 
may be eliminated, are suPfieienfe pt^^^Mde the dif** 
fereiMlial equation of t-^ curve of pursuit, 

1 1 tPECIAL CAiE: :Le^ the particit furaued travel fr^tft 
rest at the x^mis aXong %M ^ine x « a, Pig. l§$i 
pursuer sft^rts a. the $$m t^jfr from the oifigin with 
m%mi^y k times -fthe tmmt^^ "SSfe^R* 



4 « 6r 



4s 



y* Of rj ^« y (a^jxjy^ 



or dy^ + dy^ 



There follows ^ dx^ + dy^ « k^^ [dy - y'dx + (a ^ x)dy»] ^ 

^ ^ k^(a ^ j<)^( dy>)^ 

fl 4 y>^^ )^(a >-^)V ^' 



or 



(a differemtini equation ^ol^i^hl^ by first setftih^, 
y' « p)i its solutions are 



ERLC 



PURSUIT CURVE 171 

2y 4 j-^, if k O) 



t W » (a - X)* - Ze? In . a^, If k » 1. 

The special case when k » 2 Is the cubic with a loop: 
a(3y - 2a)^ « (a - x)(x + 2a)^. 

3. GENERAL ITEMS: 

(a) A much more difficult problem than the special 
case given above is that where the pursued particle 
travels on a circle. It seems not to have been solved 
until 1921 (P. V. Morley and A. S. Hathaway), 

(b) Tiiere ic an interesting* case in which three dogs 
at the vertices of a triangle begin simultaneously to 
chase one another with equal velocities. The path of 
each dog is an Equiangular Spiral. (E. Lucas and 

H. Brocard, 1877). 

(c) Since the velocities of the two particles are 
given, the curves defined by the differential equa- 
tion in (2) are all rectifiable. It is an interesting 
exercise to establish this from the differential 
equation. 
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RADIAL CURVES 



HISTORYj The idea of Radial Curves apparently occurrrd 
fl:^st; -0 Tucker in 1864. 

1. DEFINITION J Lines are drawn from a selected point 0 
equal and parallel to the radii of curvature oV a given 
curve. The locus of the end points of these lines is the 
Radial of the given curve. 

2. ILLUSTRATIONS: 

(a) The radius of curvature of the Cycloid (Fig. 
157(a) (see Cycloid) is (R has inclination r. - | « o) 

R = 2(PH) = i|a*sin(|). 

Thus, if the fixed point be taken at a cusp, the 
radial curve iri polar coordinates is; 

r a 4a*sln(^) - ^a»sin 6 
a c Lrcle of radius 2a. 




(a) Fig. 15 V (b) 



RADIAL CURVES 173 

(b) The Equiangular Spiral s ^ a(e^* - l) Fig, 157(b) 
has R = m'a«e"^^. Thus, if 0 be the inclination of the 

n 

radius of curvature, ti - + (f, ana 

r ^ npa>e°^(^ " ^-/^^ 

is the polar equation of the Rtidial: another Equi- 
angular Spiral, 

RADIAL CURVES OF THE COIUCS: 




Fic. 158 

^ ± k*(x^ + y^) (a^x^+bV)^-a^b^(x^+y^)^ 

(Ellipse : b^ > 0; 
K,7perbo:^a: b^ < 0] « 

4. GENERAL ITEMS: 

(a) The d e^^ree of the Radial of an algebraic curve is 
the ^atn^ as that of the curvets Eyolute. 
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5. EXAMPLES: 



Curve 


Radial 


Ordinary Catenary 


Kampyle of Eudoxus 


Catenary of Un^Str, 


Straight Line 


Tractrlx 


Kappa Curve 


Cycloid 


Circle 


Epicycloid 


Roses 


Deltoid 


Trlfollum 


Astro Id 


Quadrl folium 
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ROULETTES 



HISTORY: Besant in I869 seems to have been the first to 
give any sort or systematic discussion of Roulettes al- 
thouo:h pi' viously, Dlirer (1525), D, Bernoulli, la Hire, 
Desargues, Leibnitz, Newton, Maxwell and others had 
made contributions in one form or another, particularly 
on the Cycloidal Curves, 

1, GENERAL DISCUSSION: A Roulette is the path of a 
point ~ or the envelope of a line ~ attached to the 
plane of a curve which rolls upon a fixed curve (with 
obvious continuity conditions), 




Fig. 159 

Consider the Roulette of the point 0 attached to a curve 
which rolls upon a fixed curve referred to its tangent 
and normal at Ox as axes. Let 0 be originally at Oi and 
let T!(xi.,yi) be the point of contact. Also let (u,v) be 
coordinates of T referred to the tangent and normal at 
0; 9 and <|p 1 be the angles of the normals as indicated, 
Tlien 

X « V'sln(9 4- (Pi) - U'C03(9 + Vi) - xi 
y » -V'coq(9 4- 91) - u«8in(<f 4' 91) + yx , 



176 ROULETTES 

where all the quantitic-r appearli.^' in the- plight member 
may be exp '-i^r-.-e:! iu t^rmf? u*' JT, t!:*^ ai-c lr-r-.,*th ts. T hese 
ther> arv ;on.:'ar!>^' t::' ! o ortuaV-l- ' jjT 1 J"Ui> ^ J] . T t \v 
not difflt'ult to itetieral :.:e for any cpppUU point. 

Familiar 0Mai:;ple:5 oi' Roul^tles jf a point the 
CyjlDlda, the Trrchoidn, and Involutes, 



2. ROULETTOS UPON A Limt 

P^lar Equat !c-n ; 'Consider the Roulet*-e r.enerated 
by the poirt Q attached to the curve - V{o) , re- 
rerred to Q a? pole (vith Qd as initial line), as it 
rolli^ upon the y.-axii-. Let P be the point of tan- 
.>*ncy and t^-^e point Oi o:' the curve be ai*it'i'"^SLlly at 
0. Ti\e insua? ta.i^ous center of rotation of Q is P and 
Lhun for the locur. jf Q: 




dy 



= cot ^ 



F1-. 160 



But tan It s r(~) and 
ar 



y = r • r.in »|' 
Thu ■ ^ 'irnoni'' the relations: 



the quantities r, U may be 
e"^ ' .Iiated to o'.aaiii the 
rectan^'ular equation of the 
path of Q. 



For* example, cor.3ldf-*r, Fi/". 161, the locu5i of the 
focun oj; the P arabola rnllinr, upon a line I orir.lnalXy 
the tan^^ent at It^ verti^x: 
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Fvon\ thor-e, r and U are eliminated to ;M ve 

X 



dx ov a 



•33 r ;/ dx 
J o ( 



=^ A 



a d-^finitiv^^ nroperty oV the Catenary (See Catonary, 

(b) Pjdal Squation i ir the rollinf^ .curve Is in the 
form \) ^ V{v) (with renpect to q) , thor: p =i QN y 

=s r(— ) and the r^ectanrular equation oi* the roulette 
ds 

:s fiver, by: 



For example, conrrlder thp ll^'Ulett^- of the pedal point 
(here the center of the fixed circle) of the Cycloldal 
rami ly ; 

l ^r^ . A^(r^ ^ a^) 



where A - a 4- 2b > and 



B ^ 4b(a + b), as thv curve rollj'- upon the x-axis 
(oripiinally a cusp tanejent). 



♦ 



178 ROULETTES 

The Roulette is cLven by 

From this 

2adx gydy 

and 

the constant of integration being discarded by choos- 
ing the fixed tangent. Thus the Roulette Is 

|A^y^ 4> a^x^ « A^ | , 

an Ellipse . As a particular case, Pig. 162, the 
Cardioid has a « b, and the Roulette of its pedal 
point is 

+ 9y^ = 81a^. 




Pig. 169 
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The Card old rolls on "top" of the line until the 
cusp to\jhes, then upon the "bottom" In the reverse 
direction, 

(c) Elegant theorems due to Steiner connect the areas 
and lengths of Roulettes and Fedal Curves: 

I. Let I point rigidly attached to a closed curve 
rolling upon a line generate a Roulette through one 
r«5Volution of the curve, TUx e area between Roulette and 
line 1.3 double the area of the Pedal of the rolling 
curve vith respect co the generating point < For 
example 

The area under one arch of the Ordinary Cycloid 
generated by a circle of radius a is 3na^; the 
area of the Cardioid formed as the Pedal of this 
circle vith respect to a point on the circle is 

2 • 

The Pedal of an Ellipse Vxth respect to a focus 
is the cii^cle on the major axis (2a) as diameter. 
Thus the a'::.a under the Roulette (an Elliptic 
Catenary, ^ee 8) of a focus as the Ellipse rolls 
upon a linE? is 2na^, 

•1^1 • II ^ny curve roll upon a line , the arc length 
of the Roulettg described b^ a point is equal Jbo the 
corresponding arc l eng th of the P edal v ith respect to 
the generating point . For example 

The length, 6a, of one arch of the ordinary 
Cycloid is the same as bhat of the Cardioid, 

The length of one arch of the Elliptic Catenary 
is 2na, the circiumference of the circle on e 
major axis of the Ellipse. 



3. THE LOCUS OP Tf£B CENTER OP CURVATURE OF A CURVE, 
KBASURED AT THE POINT OP CONTACT, AS Tfffi CURVE ROLLS 
UPON A LINE! 

Let the rollir.g curve be given by its Whevell 
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Fig. 163 



intrinsic equation: s « 

Then, If x,y are coor'ainatos oV 

the center of curvature, 

X « a « r((f'), y = R = f'(<l) 

are parametric equation 3 of the 
locu3. For example, for the 
Cycloidal family, 

3 = A •sin B 

X = A'ain B<p, y = AB'cos Bcp 
and the locus ig 



B^x^ + y^ = A^D^ 



, an Ellipse < 




4. THE ENVELOPE OF A LINE CARRIED BY A CURVE ROLLING UPON 
A FIXED LINE! 

Drav PQ perpendicular to the 
carried line* Then Q is the 
point of tanf^ency of the car- 
ried line vith its envelope. 
For, Q has, at the instant 
pictured, the di]»ection of 
the carried line and every 
point of that line has cen- 
ter of rotation at P. The 
envelope is thus the locus of 
points Q. 

Lot the curve roll to a 
neighboring point Pi carry- 
ing Q to Qi thruUL^h the anfde d(f* Then if <j represents 
the arc length of thv envelope, 

da « QT + TQi slncp'ds + Z'A<ir, 

or • 

dff , /ds\ . ^ 
dq; ^ d(f 

a relation connecting* radii of curvatur^^ of rolling; nirve 
and envelope. InLr.tn3.lc equatiuns of the envelope are 
frequf;ntl.v ea^^lly o»)bainod. For ^^y.arnplc, considt^r the 
(.hvrl( ?v o;' a diameter of a circle of radius a. Here 
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and 
Thus 



da 



z » a«ain<p 
a, 



« 2a' sin'Jf and 



^ w -2a«co3T 



an 



intrinsic equation or an 
o rdinary Cycloid , 




5. TttE ENVELOPE OP A LINE CARRIED BY A OURVE ROLLING 
UPON A FIXED CURVE: 

If one curve rolls upon 

another, the envelope of a carried 

line is given by 

d(p (Ri + R2) ' 

where tha normals to line and 
curves meet at the angle a, and 
the R's are radii of curvature of 
the curves at their point of 
contact. 

Fig. 166 
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6. A CURVE ROLLING UPON AN EQUAL CURVE: 

As one curve rolls upon an 
equal fixed curve with corrb 
aponclng points in contact, t^ic 
whole configuration is a reflect 
tior in the common tangent 
(Maclaurin 1720). Thus the 
Roulette of any carried point 0 
is a curve similar to the pe^al 
vlth respect to Ox (the reflec- 
tion of O) with double its 
linear cMir.ensions. A simple 
illustration is the Cardioid, 
( See Caustics * ) 



Fig. 167 



7. &OME ROULETTES; 



Boiling Cur/e 


FlX'id Cxwo 


Carried Eioiaent 


Roulcrbt© 


Circl© 


Line 


Point of Circle 


Cycloid 


parabola 


Line 


Focuo 


Catonaty (ordi- 
naiy)* 


Ellipse 


Lino 


Focus 


Elliptic Cate- 
nary* 


Hyperbola 


Lino 


Focua 


Hyperbolic Cate- 
nary* 


Keciprocal 
Spi»l 


Lino 


Polo 


Tractrix 


Involuto of 
Circle 


Line 


Center of Circlo 


Parabola 


Cycloidal 
Family 


Line 


Center 


Ellipse 


Lino 


Any C'Jirre 


Point of Line 


Involute of the 
Curve 


Aiiy Curvo 


13(iuai Curvo 


Any Point 


Curre similar to 
Pedal 
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SOME ROULETTES (Continued) s 



Rolling Cxaye 


Fixed Curve 


Carried Element 


Roulette 


Parabola 


Equal 
Parabola 


Yevlox 


Ordinary Cissoid 


Circle 


Circle 


Any Point 


Cyoloidal Family 


Parabola 


Line 


Directrix 


Catenazy 


Circle 


Circle 


Any Line 


Involute of 
Epicycloid 


Catenaiy 


Line 


Any Line 


Involute of a 
Parabola 


*Tho durfacoa of revolution of those curves all have constant ooan 
ciovaturo. They appear in minimal problomo (soap films )• 



8« The mechanical arrangement of four bars shown has an 
action equivalent to Roulettes, The ba^s, taken equal In 
pairs^ form a orossed parallelogram , If a smaller side 
AB be fixed to the plane, Pig, 168(a), the longer bars 
Intersect on an Ellipse with A and B as foci. The points 
C and D are foci of an equal Ellipse tangent to the 
fixed one at P, and the action Is that of rolling 
Ellipses, (The crossed parallelogram Is used as a "quick 
retnrn" mechanism In machinery.) 




Fig, 168 
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On the other hand, if a lon^! bar BC be fixed to the 
plane, Fit% 168(b), the short bars (extended) meet on an 
Hyperbola with B and C as t'oc I . Upon th.lr> H:n:>f^rbola 
rolls an equal one with foci A and D, their point of 
contact at ?♦ 

IV P (the intersection oV tho lonr; bars) be moved 
alone a line and tooU;o.:i wheels placei on the bars BC 
and AD as shown, Fin;. 169(a), the Roulette jf C (or D) 




Fig. 169 

is an Elliptic Catenary, a piano section of the Undulqid 
whoce mean curvature is constant, The wheels require the 
motion of C and D*to be at rh-^ht an^^es to the bars in 
order that P be the center of rotation of any point of 
CD. The action Is that of an Ellipse rolling': upon the 
line . 

Tf the Intersection of the shorter bars extended, 
Kip", 169(b), with wheels attached, move alonf? the line, 
tho Roulette of D (or A) is the Hyperbolic Catenary. 
Hero A and D are foci of the Hyperbola which touches the 
line at 1% 
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SEMI-CUBIC PARABOLA 



ilSTORY: ay^ was the first alp;ebraic curve rectified 

(Neil 1659). Leibnitz in 168? proposed the problem of 
rinding the curve down which a particle may descend under 
the force of gravity, falling equal vertical diutances 
Ln equal time intervals with initial ^'elocity different 
from zero. Huygens announced the solution as a Semi-Cubic 
Parabola with a vertical cusp tangent. 



DESCRIPTION: The curve is defined by the equation! 

« Ax® + Bx^ -i- Cx 4. D = A(x - a)(x^ + bx + c) , 

which, from a fancied resemblance to botanical items, is 
sometimes called a Calyx and includes forms known as 
Tulip, Hyacinth, Convolvulus, Pink, Fucia, Bulbus, etc, 
according to relative values of the constants, (See 
Loria. ) 

In sketching the curve, it will be found convenient 
to draw as a vertical extension the Cubic Parabola, ( See 
Sketching, loj 

yi = y^* 

Values for which yx is negative correspond to imaginary 
values of y. There is s5rmmetry with respect to the x- 
axis. For example: 
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yx « = (x-l)(x-2)(y-;) = = (x-l)(»2)2 
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Slope at X « 1 (etc.) 
Limit, y . 



/(x-2)(x 



Limit 

X 



Slope at X a 2 (etc • ) : 
Limit, y ^ 

Limi t + - 1 = + 1, 



(NOTE: Scales on X and Y-axes dlf j^erent) . 

2. OENERAL ITEMS: 

(a) The Semi -Cubic Parabola 27ay^ i|(x - 2a )^ is the 
p: VP lute or the Parabola « 4ax • 

(b) The Evolute of ay^ = x^ is 

a a I8x)^ « (54ax + (^)y^ + a^]^ . 

BIBLIOGRAPHY 

uoria, Q. : Spezielle Al^ebraische and Trans?iendt e ebene 
Kurven, Leipsi^. (I902) 21. 
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ALGEBRAIC CURVES: r(x,y) ^ 0. 

!• INTERCEPTS - SYMMETRY - EXTENT are items to be 
noticed at once. 

2. ADDITION OP ORDINATES: 

The point-vise construction of some functions, y(x), 
is often facilitated by the addition of component parts. 
For example (see also Fig, 181 ) : 




y, • 1 • /;, . .'411 t, / ' / • /; . 
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The general equation of second degree: 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + P ^ 0 (l) 

may be discussed to advantage in the same manner* 
Rewriting (l) as 

Cy « - Bx - E + /(B^- AC)x^+ 2(BE- CD)x +E^- CP, 0^0^ 
ve let Cy «s yi + y^, 
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.(2) 



AC)x^ + 2(BE - CD)y. + - CP, •.(?) 



where yi « -Bx - E, 

and yg « /(i^ 

Here yg® - (B^ - AC)x^ - 2(BE - CD)x - E^+ CP « 0, 

in which it is evident that the conic in (j) or (l) ia 
an Ellipse if B^ - AC < 0, an Hyperbola if B^ - AC > 0, 
a Parabola if B^-AC=0, The construction is effected 
by combining ordinates in (2) and (5): 




Some facts are evident: 

(a) The center cV the conic (l) 1p at 

CD - BE AE - _Bn 



B^- AC 



B"" - AC ' 

(b) Since yi = -Bx - E bisects all or.cr'ds x k, this 

In 



CD - BE 

line is conjurate to the diatnetei* x ^ ^fe ^ 



the car^e cV the Pai»abola, yi ^ -B> - E is para.^ lei to 
the axis oi' s^nnmetry. This axis of s;.nnmetry is thus 

B 

inclined at Arc tan(— ) to the x-arli.. The* puiy'.t of 

C 

tanrency of the tan^'ont with slope ^ is the vortex of 



the Parabola, 



ERIC 



igo SKKTCHWG 

(c) Tan-eia.s at the points of intersection of the 
line yi = -Rx - E and the curve (l) are vertical. 
(In (.lOMiectlof., see Conies, '0. 

3. AUXILIARY AND DIRECTIONAL CURVES: The equations of 
aoine curves may t)e put into forms where simpler and more 
familiar curves appear as helpful t^uides In certain re- 
gions of the plane. For examples 

„2 _ _L y a e"^ cosx 




Fig. 175 



In the nelehborhoo'i of the 
or.:,,-,in, j; 

given curve follows the 



dominates and the 



Hyperbola y « 



— * As 

the term domi- 



nates and the curve follows 
the Parabola y = x^* 



The quantity e"^ here con- 
tro'i.s the maximum and 
minimum values of y and is 
called the damping factor. 
The curve thus oscillates 
between y = e*^ and 
y a -e"^ since cosx varies 
only between -1 and +1* 



(See also Pig* 92«) 



I 

•i 



1 
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4. SLOPES AT THE INTERCEPT POINTS AND TANGENTS AT THE 
ORIGIN: Let th-^ t^lvet\ curve pass throuf^h (a,0), A line 
through this fohit and a neighboring:^ point (x,y) has 
slope ; 



Limit 



m ia 



the slope, of the curve at (a,0). 



For example: 



has m 



y = 2x(x - 2)(x - 1) 

Limi t _ 

x 2 (x-2) 

Limi t ^ / . 
=^ X - 2 2^^'-^^ ° ^ 

for its slope at (2,0) • 



has m s 



Fig. rfk 



2x(x - 2)(x - 1) 
Limit V 



X 2 (x-2) 



Limit 
X 2 * 



/2x(x'l ] 
\l (x-2) 



a + oc 

for its slope at (2,0) . 



If a curve passes through the origin, its equation 
has no constant term and appears: 

0 « ax + by + cx^ + dxy + ey^ + fx® + . , , , 
0 = a + \){^) + cx + dy + ey(-^) + fx^ + .... 

' X 

Taking the limit here as both x and y approach zero, the 
quantity {^) approaches m, the slope of the tangent at 
(0,0): 

0 » a + bm or m : 



a 



whence fax + by » 



.Thus the collection oV terms oV first degree set equal 
to zero, the equation of the tangent at the origin . 
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If, however, there are no linear terns • the equation 

of the curve may be written: 



c + + e(-^)" + rx + ... 



and 0 a c + dm + em 

gives the slopes m at the origin. The tangents are, 



netting m 



1 . 



0 « c + d(-^) + e(y)^ or 



EI 



cx^ + dxy + ey' 



It is now apparent that the collection of terms of 
lowest degree set equal to zero is the equation of the 
tanget^B at the origin . Three cases arlne (See Section 7 
on Singular Points): 

If this equation has no real factors, the curve has 
no real tangents and the origin is an i solated £oint 
of the curve; 

if there are distinct linear factors, the curve has 
distinct tangents and the origin is a node, or mul- 
tiple point , of the curve; 

if there are equal linear factors, the origin is gen- 
erally a cusp point of the curve. (See Illustrations, 
9, for an isolated point where a cusp is indicated.) 

For example: 

. x^(x-l) y^ - x^(l-x) 



« X^ 



has (0,0) as an 
isolated point 




yig* 175 

has (0,0) a 
node 




has (0,0) as a 
cusp 
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5. ASYMPTOTES: For puppoaea or curve sketchUi^, an 
ac^vinptote Is delMneci as "a tan^tent to the curve at In- 
ritiity". Thun \i is aal<od that the line y = ui\ + k meet 
the curve, t^onerally, in two iniMnite points, obtained 
in th'-^ fashion uf a tan/»ont. 'ihat Is, the simultaneous 
solution of 

r(x,y) 0 and y s= ni>: + k 

or a^^x'^ + ^n^,^''" + a,,.^,y^^-^ f • . • -f aix + ao « 0..(l) 

where the a's are functions of m and k, must contain two 
routs X =: a. Nov if an equation 

a^ji^ + a^z"**-^ + + a,^^^z + a,^ = 0 (2) 

hasi two roots z = 0, then a^ aj^«^ « 0. But if z « - , 

this equation reduces to the preceding. Accordingly, an 
equatioti such aa (l) hao two infinite roots If 

To determine asymptotes, then, set these coefficients 
equal to 2!cro and sojve for simultaneous values of m and 
k. For example, consider the Pollumj 

x^ + y^ - :'^xy 0, 

If y mx + k: 

(Um^)x^ + >(mk-l)x^ 

+ 5k(mk-l)x + k^ = 0, 

For an asymptote; 

1 + m^ a 0 or m -1 

and 3m(mk-l) =: 0 or k -1, 

Thus X + y + 1 « 0 is the 

asymptote* 
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OBSERVATIONS: Let ?a , Qn polynomial functions of x,y 
of the nth degree, each of which Intersects a line In n 
points, real or imaginary. Suppose a given polynomial 
function can be put into the form: 

(y . mx - a).P^.^ + = 0 (3) 

Now an^ line y « mx + k cuts this curve once at infinity 
since its simultaneous solution with the curve results 
in an equation of degree (n-l). This family of parallel 
lines will thus contain the asymptote. In the case of 
the Folium Just given: 

(y + x)(x^ - xy + y^) - 3xy « 0, 

the anticipated asymptote has the form: y + x - k « 0 
and the value of k is readily determined.* 

Suppose the given curve of the nth degree can be 
written as: 

(y - mx - k).P^., + Qf,.g = 0 (4) 

Here any line y - mx - a = 0 cuts the curve once at 
infinity; the line y - mx - k = 0 in particular cuts 
twice . Thus, generally, this latter line is an asymptote. 
For example: 



*ThuBt ^ 

3xy x 

X x' 

Ab x,y ^ - 1 and the last term here ^ i'TftifTT ° " 
Thue y « -x - 1 ifi the Aeyiaptote. 
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y® - X® + X » 0 I (2y + x)(y - x) - 1 » 0 





Fig. 177 



has y a X for an asymptote < 



has asymptotes 2y + x » 0^ 
y - X a 0* 



The line y = mx + k meets this curve (4) again in 
points which lie on Qn.g » 0, a curve of degree (n-2). 
Thus 

the three possible asymptotes of a cubic meet the 
curve again in three finite points upon a line) 

the four asymptotes of a quartic meet the curve in 
eight further points upon a conic; etc. 

Thus equations of curves may be fabricated with specified 
asymptotes which will intersect the curve again in points 
upon specified curves. For example, a quartic with 
asymptotes 

x«0, yaO, y-x«0, y + xaO 

meeting the curve again in eight points on the Ellipse 
x® + 2y^ a 1, iss 

xy (x^ - y^) - (x^ + 2y* - l) « 0, 



* In faot> any oonlo whose equation can be written as 
(y«ax)(y<ibx)'i'C»0 has asymptotes and is aooordlngly a B^erbola« 
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6. CRITICAL POINTS! 

(ft) Max! muni- minim um values of ^ occur at points (a,b) 
for which 

0 CO 

dx ' 

with a change in sign of this derivative as x passes 
through a. 

Max imum- mini mum values of x occur at those points 
(a,b) Tor which 

dx 

dy ' 

with a chan^^e in sign of this derivative as y passes 
throui'ih I), For example: 

y^ x^(l . x) y^ - (x - l)^(x + 1)^ 




Fig* 178 



(^) A Kl.j^,x occurr) at the point (a,b) for which (if y" 
is continuous) 

y" ^ 0, 

with a change in sign of this derivative as x passes 
throuK.h a* For example, each of the curves: 
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= x^, y"o = 




X 



Fig. 179 



has a flex point at the origin. Such points mark a 
change In sign of the curvature (that is, the center 
of curvature moves from one side of the curve to an 



Note ; Every cubic y ax® + bx^ + cx + d is 
symmetrical with respect to its flex. 



7. SINGULAR POINTS; The nature of these points, when 
located at the origin, have already been discussed to 
some extent under (4). Care must be taken, however, 
against immature Judgment based upon indications only. 
Properly defined, such points are those which satisfy 
the conditions; 



assuming f (x,y) a polynomial, continuous and differentl- 
able. Their character is determined by the quantltyt 



P < 0, an .isolated ( hermit ) £oint, 
P « 0, a cusp I 

f > 0^ BL node (double point, triple point, etc.)* 



opposite side). (See Evolutes.) 



f(x,y) « 0, fx - 0, fy - 0 




That is, for 
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Thus, at such a point, the slopet ^ » - (~) has the 

ax fy 

Indeterminate form • 

0 

Variations In character are exhibited In the examples 
which follow (higher singularities, such as a Double 
Cusp, Oscullnflexlon, etc., are compounded from these 
simpler ones) • 



8. POLYNOMIALS: y = P(x) where P(x) Is a polynomial 
(such curves are called "parabolic"). These have the 
following properties; 

(a) continuous for all values of x; 

(b) any line x = k cuts the curve In but one point; 

(c) extends to infinity in two directions; 

(d) there are no asymptotes or singularities; 

(e) slope at (a,0) is Limitf-^^] as x a; 

x ** a 

(f) if (x-a)^ is a factor of P(x), the point (a,o) is 
ordinary if k =» 1; max>min. if k is even; a flex if 

k is odd ( ^ 1). 



BEST COPY AVAILABLE 
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9. ILLUSTRATIONS! 



Fig. 180 



ERIC 




Fig. JBl 
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10. SEMI-POLYNOMINALS: £ 
nomlal (yuch ci.rvfr. ave called 
sketch 1 lu*; semi -parabol 1 c» 
curves, it n^-iy be found ex- 
pedient to sketch the ciuwe 
Y = r(x) and I'rorn thU". ob- 
tain the deoired curve by 
taking the square root of 
the ordlnates Y. Slopes at 
the intercepts should be 
checked as Indicated in (U). 
The example s^iown is 

Y = y^ - x(5 - x){x - 2)^, 

In project irv(% the maximum 
Y's and v's occur at the 
same x*s; nop:ative Y's yield 
no corref^por.dliif* y' 
slope at (2,0) is 

Limit 
X ■* 2 



^ P(x) where P(x) is a poly- 



the 



Limit 
X -* 2 



(x-2) 



'semi~parabolic" ) . In 
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11. EXAMPLES: 

(a) Semi -Polynomials 







- 1) 


f 


= x(l - 




f - 


x^(l . 


x) 


f - 


x^(x 


- 1) 




= x^(l 




f - 


x^d . 


X) 


f - 


x^(x 


- 1) 




= x^d 


-^^) 


f - 


x'*( . 1) 


f - 




-•^) 


r 


. x-'d 




f - 


x^(x . 






(1 - 




f 


=: X(X - 


l)(x . 2) 


f = 


X ( X - 


l)(x^ 
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(b) Aoymp totes ; 

y(a2 fx^)=a2x : [y - 0] . x^y + y^x ^ : fx:. 0, y^O, x+y«0]. 

y^^ x(a2-x*) : [x^ y «0]. x^ + y^^ : [x + y := 0]. 

x^. a(xy+a^)=:0 : [x=0]. (2a-x)x2- ^ o : [x+ y = ^ ], 

y^(x^-y2)-2ny^+ 2^=0 : [y 0, x - y := a, x+y+a=0], 

y(y - x)^(y ^ 2x) =: 93JC^. (y . b)(y - c)x^ = aV. 

xV-aV + bV = 0. (X - y) xy . a(x + y) = b^. 

(x.y)^(x-2y)(x-3y) -2a(x^-y^) - 2a^( x+y)(x-2y) = 0 ; [four 

aeymptotee] • 

x^(x+y)(x-y)2 ^ ax^'x.y) -aV « 0 ; (x =ta, x.y+a=: 0,x.y « | , 

x+y+ - =: OJ. 

(x^ . y^)(y^ - Ux^)* - 6x=* + 5x^y Oxy^ - 2y^ . x^ Oxy . 1 0 
hao four aBympf;ote8 which cut the curve again in eight points 
upon a circle. 

Mx* + y*) . 17x^y^ - kx{hy^ . x^) + 2(x^ - 2) « 0 has asymptotes 
that cut the curve again in points upon the Ellipse 
x^ + hy^ = h. 



(c) Singular Points ; 

a(y-x)^ = x^ [Cusp]. 

(y.2)^ = x(x-l)^ [Double 
Point] 

X* - 2x^y - xy^ + y^ = 0 [Cusp 
of second kind at origin] 

y^ = 2x^y + xV - 2x* t Iso- 
lated Pt). 

x^ + 2x^ + 2xy - y^ + 5x - 2y 
= 0 tCuep of first kind]. 



(2y+x+l)^ Ml-x)^[Cusp]. 

a^y^ . 2abx^y - x^ ( Osculin- 
flexion] . 

y^ - 2x^y + x*y + X* s 0 [ Double 
cusp of second kind at origin ]. 

y^ = 2x^y + x*y + x* [ Drablb 
Cusp ] . 

X* - 2ax^y - axy^ + a^y^ « 0 
[Cuep of second kind]. 
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1^?, SOm CURVES AND THEIR NAMES: 

Alyrold (Catenary U' e o): aH « + 



Bovditch Curves (Llssajous): 



X a a« 5iln(nt + c ) 

(See 0Sf7;ood*f? Mechanics for fi^iurea) . 

a^ 

Bui. lo t Nose Curve ; —5 - --5 = 1. 

X y 

Cartesian Oval; The locun of points vho^e distances, 
n, Vs, to two fixed points satisfy the relation: 
n + in»r2 = a. The central Conies will be recognized as 
special cases. 

Catenary of Uniform Strenp:th : The form of a hanging 
ohain in which linear density is proportional to the 
tension. 

Cochleold: r a a*( — ) > This is a projection of a 
cylindrical Helix. 

Cochlold: Another rarr.'? for the Conchoid of Nlcomedes, 
Cocked Hat: (x^ + 2ay - a^)^ « y^(a^ - v-') , 
a^ 

Cross Curve : + i= 1 . 

Devil Curve: y^ + ay^ - + bx^ 0. This curve is 
found useful in presenting the theory of Riemann surfaces 
and Abelian integrals (see AMM, v J>k, p 199). 

Epi : r'cos kU « a (an Inverse of the Rosesj a Cotes' 
Spiral) . 

Folium: The pedal of a Deltoid vith respect to a 
point on a cusp tangtent. 

Gerono ' Lemniscate ; x s= a Ix - y 

Hi p po pede of Eudoxus: The curve of Intersection of a 
circular cylinder and a tangent sphere. 

Horopter : The intersection of a cylinder and a Hyper- 
bolic Paraboloid, a curve discovered by Helmholtz in his 
studies of physical optics. 

1 'Hospital's Cubic: Identical with the Tschirnhausen 
Cubic and the Triseotrix of Catalan. 
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SOME r.xJtiVES AND Till tR NAMES (Continued): 

Kappa Curve; y^.x^ y^) - u^\\^', or r =^ i a* cot fl. 

Lame Curve^t: {-^-)^ + (•^)^' 1. (So- Evolutes) . 
,^ 

Foarl;i c'/ Slu^ .f> ; = k(a - y)^^^'*, vhe:'o the expo- 
nents are puL-Lt!vt Into;"er». 

Plr i/unn; b^y^ - x^(a - x). Pear uhapod. See this 
sec tiur. G(a) . 



Poi f:Su t. ^ S plr: :i; r*cosh k'U ^ a. 
Quadra tr'^ x of .[Ipp lar. ; r.sin U = 



2au 



Rhodonoae ( Hoser) ; r = avois kU. Thetu? are F'pltro- 
cho [dz * 



Serr.I -Tr'lder.t: 



xy = a*' 



■'7 



x(y^ - l^^) rr ab 



i:t(y^ + 2by + + 



e 2 



^- (a - ?)(b - y)'^ 



d^xy^ = (y . a)(x - b)(.v - c 



Paim Stemr. . 
Arcb.er ' n Bov. 
\IH;irit(d Bov. 
P! iHRtor . 
Tuniiol. 
Urn, Goblet. 
Pyramid. 

Fef^toon, Hi Hook, itel- 
me t . 

^''ToV(»r P( t, Trophy, 
Swin^* arid Ch.air, Cr^ane. 



5'TB2riLlJ12 • ^ projer t Ifjr. oV the Horoptf.-r*. 

Spir !;/ L! rtf • :• ^jj PetM> u^ ;; S"''t!on.: j .r a tor-tm by 
plar/^:- taken f^ar'all'^l it.:; a/!!;# ^ 

Syr. Lt-ac ti' ! / ; 'Ii " 'Vi:-> ,,V a pol.r.t '.)ri li'.e tanf'ent to a 
Travtr'/ aJ. a r:'ta; I d!':tar.':e I'rom thr^ p;]»^:t- oi* tan- 
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SOME CURVES AND THEIR NAMES (Continued) t 

Trident! xy = ax^ + bx^ + cx + d. 

Trlsectrix of Catalan : Idotitical with the Tschlrn- 
hausen Cubic, and 1 'Hospital's Cubic. 

TrjgectrLx of Maclaurin ; ;'.(x^ + y^) = a(y^ - 3x^). A 
curve resembling, the Folium of Descartes which Maclaurin 
used to trisect the angle. 

Tschlrnhausen' 3 Cubic: a = r.cos^ , a Sinusoidal 
• — • i> 

Spiral. 

Versiera f Identical with the Witch of Agnesi. This is 
a projection of t^e Horopter. 

Vlvianl ' s Curve \ The spherical curve x « a. sin <f cos'f, 
y =s a*co3^(f, z = a. sin cp, projections of which include 
the Hyperbola, Lemniscate, Strophoid, and Kappa Curve. 

y^ ^ x^ i See A.M.M.: 28 (3921) 1^1; 38 (l93l) 
Oct, (1935). 
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SPIRALS 



HISTORY: The investigation oV Spirals began at least 
with the ancient Greeks, The famous Equiangular Spiral 
was discovered by Descartes, Its properties of self- 
reproduction by James (Jacob) Bernoulli (1654- I705) who 
requested that the curve be engraved upon his tomb with 
the phrase "Eadem mutata resurgo" ("I shall arise the 
same, though changed"),* 



1, EQUIANGULAR SPIRAL: 



(Also called 



Logarithmic from an equivalent form of its equation.) 
Discovered by Descartes in 1638 in a study of dynamics. 




Fig. ajB3 

(a) The curve cuts all radii vectorea at a constant 
angle a* (-^ « tan a ) . 

ti&tm&n, W.i tufitiged und Merkwufdigee von 2dhl6n und fom^n, 
p« hO, glvad a picture of the tombetone* 
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(b) Curvature ; Since p « r^sln a, R 
(the polar normal), R - s^cot a. 



dr 
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r 'CSC a »CP 



(c) Arc Lengt^^t ^ = (XI^:^) 



(r^cot a)( — ;;: — ) 



cos a. 



'dd ds' ' r 

and thus s - r^sec a « PT, where a is measured from 
the point where r = C, Thus, the arc length ia equal 
to the polar tangent (Descartes), 

(d) Its p edal and thus all successive pedals with 
respect to the pole are equal Equiangular Spirals , 

(e) E VP late ; PC is tangent to the evolute at C and 
angle PCO « a. OC is the radius vector of C. Thus the 
first and all successive evolutes are equal Equi- 
angular S pirals , 

(f) Its inverse with respect to the pole is an Equi - 
angular S piral , 

(g) It is, Fii^. 184, the stereographic projection 



(: 



k tan ^ cos y, 

yak tan ^'sin 6 ) 

of Lpxodrome 
(the curve c:utting 
all meridians at a 
constant an/.^le: the 
course of a ship 
holding a fixed 
direction on the 
compass), from one 
of its poles onto 
the equator (Hal- 
ley 1696). 



(h) Its patacaustic and Diacaustic with the light 
source at the pole are Equian < tular Spirals , 

(i) Lengths of radii drawn at equal angles to each 
other fdf*m a geometjr.ic progression . 

(J) Boulette t If the spiral be rolled along a line, 
the path of the pole, or of the center of curvature 
of the point of contact,. is a straight line* 
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SPIRALS 

(k) The septa of the Nautllua 
are Equianp^ular Spirals > The 
curve seems also to appear 
in the arrangement of seeds 
in the sunflower, the forma- 
tion of pine cones, and other 
growths « 




Fig. Ifl5 

( l) The limit of a succession of Involutes of any 
given curve is an Equianpjular Spiral , 
Let the given curve be a =i f(e) and denote by Sn the 
arc length of an nth involute. Then all first in- 
volutes are given by 



(c + f)de = ce + / f(e)de, 



Where c represents the distance measured along the 
tangent to the given curve. Selecting a particular 
value for c for all successive involutes! 



9s 



e 

/J 



(c + cO + / f(0)de) d9 



8n a CO + C0^/{?! + C0V31 



'31 + . + [ 1 i 



1 
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where this nth Iterated Integral may be shown to ap- 
proach zeroi (See Byerly.) Accordingly, 



Limit 
n « 



c(0 + rr +.77 + + rr + •••) 



or 



s » cie 



1) 



an Equiangular f )plral < 

(m) It is the development of a Conical Helix (See 
Spiral of Archimedes •) 



2. THE SPIRALS: 
following: 



ao 



n a 1 



Include as special cases the 
Archimedean (due to 



ae 




Conan but studied particu- 
larly by Archimedes in a 
tract still extant* He prob- 
ably used it to ^'quare the 
circle) • 

(a) Its polar subnormal 
is constant* 

(b) Arc length from 0 to 

(Archimedes) • 

(c) A « 1^ . (from 0 » 0 

to e « r/a) • 

(d) It la the Pedal of 
the Involute of a Circle 

with respect to its center* This suggests the descrip- 
tion by a carpenter > 3 square rolling without nl^pplng 
upon a circle, Pig. 187(a)* Here Ul' « AB « a* Let A 
start at A', B at 0* Then AT « arc A*T « r « a0* Thus 
B describes the Spiral of Archimedes while A traces 
an Involute of the Circle* Note that the center of 
rotation is T* Thus TA and TB, respectivelyi are 
normals to the paths of A and B. 



Fig. IBS 
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SPIRALS 




: 0 Fig. 387 i'o) 



(e) Since r = aO and r » ae, this spiral has found 
vide use as a cam, Fig. 187(b) to produce uniform 
llr.ear motion. The cam is pivoted at the pole and 
rotated with constant angular velocity. The piston, 
kept In contact with a sprin.; device, has uniform 
roclprocatlnift motion. 

(f ) It is the I nverse of a Reciprocal Spiral with 
respect to the Pole. 

if.) "The casings oV centrifugal pumps , such as the 
German supercharger, follf- • this spiral to allow air 
which Increases uniformly in volume with each degree 
of rotation of the fan blades to be conducted to the 
• outlet without creating back-pressure." - P. S, Jones, 
18th Yearbook, N.C.T.M. (19^5) 219* 
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(h) The c ptho- 

of a Conical Helix 
on a plane per- 
pendicular to its 
ax l t^ l.a a Spiral 
of Archimedec . The 
develupment or 
this Helix, how- 
eve 1^1 i s an 
Equiaru':ular Spiral 
(Pif% 188). 




n = -1 



Reciprocal (Varignon 1704). (Some- 



times called Hyperbolic because of its analogy to the 

equation xy ^ a) . 

(a) Its polar 3ub > 
tan^2:<=^nt is con- 
stant* 

(b, Its ai-ytnptote 

J.S a ur.its from 

the Initial line. 

Limit r«sinU=* 
0-^0 




Limit a* sin o 
0 0 u 



= a. 



Fie* 189 
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(c) Arc Lengths of all circles (centers at the pole) 
measured from the curve to the axis are constant 

(« a). 

(d) The area bounded by the curve and two radii is 
proportional to the difference of these radii. 

(e) It is the inverse with respect to the pole of an 
Archlmec^ean Spiral s 

(f) Roulette t As th^ curve rolls upon a line, the 
pole describes a Tractrix . 

(g) It is a path of a Particle under a central force 
which varies as the cube of the distance. (See 
Lemniscate 4h and Spirals Jf.) 



n = 1/2 



a^U 



Parabolic (because of its 



analogy to y^ » a^x) (Permat 1636), 




(a) It is the inverse with 
respect to the pole of a 
Lituus . 



Fig. 190 



^1/2 



r^e « a^ 



Lituug {CijU^v,, 1722)* (Similar 



In form to an ancient Roman G^'^unpat.) 

(a) The areas of all circulnr sector are constant 



_ _ ^ 
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(b) It is the 
Inverse vith re- 
spect to th<^ pole 
of a Parabolic 
Spiral. 

(c) Its asymptote 
is the initial line. 
Limit r*sin 9 « 

e ^ 0 

Limit av/(r sine 
0^0 ^ °* 

(d) The Ionic 
Volute ; Together 
with other spirals, 
the Lituus is used 
as a volute in 
architectural de- 
sign. In practice, 
the Whorl is made 
with the curve 

emanating from a circle drawn about the pole* 

3* THE SINUSOIEAL SPIRALS: r" = a^cos nO or 

a a^sin nU, (n a rational number). Studied by Mac- 
laurin in I7I8. 

(a) Pedal Equation ; r""*"^ a"p. 

(b) Radius of Curvature ; a" r^ 

" 'WTTJv^ " (n + Dp 
which affords a simple geometrical method of con- 
structing the center of curvature* 

(c) Its Isoptic is another Sinusoidal Spiral. 




SPIRALS 

(ci) It is rectiflable if is an integer, 

(e) All positive nrid no^';atl ve p edals are again 
Sinusoidal Spirals, 

(f ) A body acted upon by a central force inv:?rsely 
proportional to the (2n + 3) power or its distance 
moves upon a Sinusoidal Spiral, 

(g) Special Cases ; 



n 


Curve 


-2 


Rectangular Hyperbola 


-1 


Line 


-1/2 


Parabola 


-1/3 


Tschirnhausen Cubic 


1/3 


Cayley's Sextlc 


1/2 


Cardioid 


1 


Circle 


2 


Lemniscate 



(in connection with this family see also Pedal Equa - 
tlons 6 and Pedal Curves 3) . 

(h) Tangent Construction ; Since r^"^ r' = - a^sin nO, 
~ =s ~ cot nO = cot(n - nO) = tan ^ 



and 



s» = ne - - 



which affords an immediate construction of an arbi- 
trary tangent. 



SPIRALS 

4. EULER»S SPIRAL: (Also called Clothoid or Cornu's 
Spiral ) . Studied by 
Euler in I78I in connec- 
tion with an investigation 
of an elastic spring. 

Definition: 



215 



-dx = a*sin t»dt 
\/2t 'dy = a»cos t-dt, 



or 



R'S = a* 



Asymptotic joints: 
a 

xo,yo = + 




Fig. 195 



(a) It is involved in certain problems in the diffrac- 
tion of light. 

(b) It has been advocated as a transition curve for 
railways. (Since arc length is proportional to curva- 
ture . See AMH . ) 



5* COTES* SPIRALS: 
These are the paths 
of a particle sub- 
ject to a central 
force proportional 
to the cube of the 
distance. The five 
varieties are in- 
cluded in the equa- 
tion; 



1 



A 



+ B. 



They are: 




Fig. 19k 
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SPIRALS 



1. 


B 


= 0: 


the Equiangular Spiral; 


2 . 


A 


= Is 


the Reciprocal Spiral; 




1 
r 


s a* 


sinh nO; 




1 
r 


s a* 


cosh n6j 


5. 


1 


s a* 


sin n6 (the inverse of 


r 




the Roses) . 



The figure is that of the Spiral r*sin 4Q « a and its 
inverse Rose. 

The Glissette traced out by the focus of a Parabola 
sliding between two perpendicular lines is the Cotes* 
Spiral: r.sin 2^ = a. 
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STROPHOID 



HISTORY: First conceived by Barrow (Newton's teacher) 
about 1670. 



!• DESCRIPTION: Given the 
curve r(x,y) s 0 and the 
fixed points 0 ana A. Let 
K be the intersection 
with the curve of a vari- 
able line tlirough 0. The 
locus of the points Pi 
and p2 on OK such that 
KPi KP2 - KA is the 
general S trophold . 




Fig. 195 



2. SPECIAL CASES: If the curve f = 0 be the line AB and 
0 be taken on the perpendicular OA = a to AB, the curve 
la the more familiar Right Strophoid shown in Pig* 196(a)* 




Fig. 196 



This curve may also be generated as in Pig. 196(b). Het*e 
a circle of fixed radius a rolls upon the ILne M (the 
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asymptote) touching it at R, The line AH through the 
fixed point A, distant a units from M, meets the circle 
In P. The locus oV ? is the RLf^ht Stpophold, For, 

(UV)(V3) « (VP)"* 

and thus BP is perpendicular to OP, Accordingly, angle 
KPA a angle KAP, and so 

KP = KA, 

the situation of Fig. 196(a). 

The special oblique Stro phoid (Fig. 197(t))) is gen- 
erated if CA is not perpendicular to AB. 




(a) Fig. 197 (b) 

. This .Strophoid, formed when f ^ 0 is a line, can be 
identified as a CissoJd of a line and a circle. Thus, in 
Pie* 197i cirav the fixed circle through A with center at 
0. Let E and D be the intersections of AP extended with 
the line L and the fixed circle. Then in Pig. 197(a) j 

ED ^ a«cos • aec <f 

and AP ^ 2a* tan 0 .ftln 9 a 2a* cot 2<p*sin 9 . 

Thus AP « ED, 

and Jihe locus £f P, then , is the Cisscl d of the line L 
and the fixed circle. 
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EQUATIONS: 

FU. 196(a), 197(a): 

r = a(sec u + Kan u),(pole at 0) i ov y^* =: 
Pic 19b(b); 

V a(sec u - 2*cos u),(Pole at A); or = - ^^^^ 

a - X 

FIp:, 197(b): 

r a(sin a - £'.in u)«c3G(a - y),(Pole at o). 



METRICAL PROPERTIES: 

A (loop, Pig, 196(a)) = a^(2 . |), 



GENERAL ITEMS: 

(a) It is the Pedal oT a Parabola with respect to any 
point of its Directrix. 

(b) It is the inverse of a Rectangular H^T^erbola with 
respect to a vertex. (See Inversion) , 

(c) It is a special 
Kieroig . 

(d) It is a stero- 
graphic projection of 
Viviani's Curve. 

(e) The Carpenter's 
Square moves, as in the 
generation of the Cis- 
soid (see Cissoid ^ic), 
with one edre passing 
through the fl,xed 
point B (Fig, 198) 
while its corner A 
moves along the line 




Fig. I9B 
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AC. If BC » AQ « a and C be taken as the pole of 
coordinates, AB « a»3ecO, Thus, the path of Q Is the 

Strophold: 

r « a» secO - 2a«cosU , 
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TRACTRIX 



HISTORY: Studied by Huygens In 1692 and later by LeibnltE, 
Jean Bernoulli, Liouville, and Beltrami* Also called 
Tractory and Equltangen tlal Curve > 




Fig. 199 

1. DESCRIPTION: It Is the path of a particle P pulled by 
an inextensible string whose end A moves along a line* 
The general Tractrix is produced if A moves along any 
specified curve* This is the track of a toy wagon pulled 
along by a child; the track of the back wheel of a 
bicycle* 

Let the particle Pj (X|y) be pulled with the string 
AP a a by moving A along the x-axis* Then, since the 
direction of P is always toward A, 
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EQUATIONS! 



X = a 'arc scoh - / - . 



X => a'ln(3ec 0 + tan o) - a'sin 0 



y = a«r OS 0 



s = a* In seo <f 



a^ + R 



S3 a e 



METRICAL PROPERTIES: 



(a) 




R ta a«cot <f 




(b) A « na^ [A = 4 jv^ a^-y® dy (from par, 2, above 

Jo area of the circle 

shown ) ] • 



(d) 2x « ^^a^ (^x " area of the sphere of radius a)* 
GENERAL Il-EMSi 

(a) The Tractrix ia an Involute of the Catenary (see 
Pig. 199). 

(b) To construct the tangent j draw the circle with 
radius a, center at P, cutting the asymptote at A. 
The tangent is AP# 

(c) Its Radial is a Kappa curve, 

(d) Roulette ! It i& the locus of the pole of a 
Recij)roca l Spiral rolling upon a straight line* 

(e) Schiele ' s Pivot ; The solution of the problem of 
the proper form of a pivot revolving In a step where 
the wear is to be evenly distributed over the face 

of the bearing is an arc of the Tractrix* (See Miller 
and Lilly* ) 



(c) 



2na^ 



(Vx = half thp. volume of the sphere of 
radius a) « 



^ cow 
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Fig. 200 

(f) The Tractrlx is utilized in details of mapping, 
(See Leslie, Cral^.) 

(g) The mean or Gauss curvature of the surface gen- 
erated by revolving the curve about its asymptote 
(the arithmetic mean of maximum and minimum curvature 
at a point of the surface) is a negative constant 
(-1/a). It is for this reason, together with items 
(c) and (d) Par. 3, that the surface is called the 
" pBendo^aphere "* It forms a useful model in the study 
of geometry. (See Wolfe, Eisenhart, Oraustein.) 

(h) Prom the primary definition (see figure), It is 
an ot^thogonal trajectory of a family of circles of 
co^^stant radius vitl* centers on a line. 
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TRIGONOMETRIC FUNCTIONS 



HISTORY: Trigonometry seems to have been developed, with 
certain traces of Indian influence, first by the Arabs 
about 800 as an aid to the solution of astronomical prob- 
lems. Prom them the knowledge probably passed to the 
Greeks. Johann MUller (c.l464) wrote the first treatise: 
De trlangulis onmimodis; this was followed closely by 
others. 

1. BESORIPTION: 




Fig. 201 

2* INTERRELATIONS: 

(a) Prom the figure: (A + » + C « it) 



oinA " sinB * sinC 



sin A, a sln(B+C) « sinBcosC + cosBslnC 
008(3+0) « cosBcoaO - sinBalnC 




Rig. 202 



sin 2x ^ 


2sinx*cox cos 


2x « 


Scos^x 


- 1 


sin - 


5slnx - i+sln^x cos 


3x - 


i+cos^x 


- 3C06X 


sin hx - 


4slnx*coBX -> Ssln^xcoBX cos 


l+X =: 


8cos^x 


- 8C0Q^X + 1 




etc. 









(c) A Reduction Formula ; 



cos kx a 2co3(k-l)x»co8x - cos(k-2)x 
sin kx = 23in( k-l)x'C03X - 3in(k-2)x 

(d) Since » cos kx + i*sin kx; » cos kx -i*sinkx, 

+ a 2*cos kx and z^ - z^ = 2i«sln kx. 

Thus to convert from a pover of the sine or cosine 
into multiple angles , write 

cos'^x expand and replace z^ + z^ by 2'co3 kx 

3in\a(-^^)^, expand and replace z^- z^ by 2i'sinkx, 

with zz = 1. 
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For example: 
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P ( I + COS 2x) 

COG X s: 



Bin\ " ( X - ain 3x) 



3 ( cos5x + icoe x) 
COB X s ~ 



„4«4^ (cos hx - UcoB 2x -f 3) 4 (cos hx + Ucos 2x + 3) 

em X - ^ cos X = Q ^ 

otn^v (si n px-^sin 3x-vlOBln x) 5 (cos 5x+5coq 3x+10cos x) 

^^"^ ^ " 16 ' ^ = 16 



(e) 



2; sin kx 



2 cos kx 



sin — r — x*sin — 
2 2_ 

sin -r 

2 

n 1 . nx 
cos — - — x«sin — 
2 2_ 

sin T 



(f) Prom the Euler form given in (b); 



sin X St -i*sii;/i (ix), cos x = cosh (ix) 

sin (ix) a i'sLnh x, cos (ix) = conh x 



3. SERIES: 



(a) sin X =r 2 ( -1) 



k X' 



.2k+l 



(2k+l): 



7 > X^ < 



coax. 2 (.1)^^^, < - 



x^ 2 



17 7 62 



2 > 7: 



tanx.x.y.-x^.^x ^ ^ x'' . ,,,, x^ < 



1 X x^ 2x^ 



cot Xs — • — • — - 

X 5 9^5 ^^725 



X 2.2 



1 8X 

X * , X2 . k^2 



ERIC 



228 TRIGONOMETRIC FUNCTIONS 



BBC X = 1 + - + -^jj- + + 806?'' * * ^ I" 

1 « , gx 

(b) arc slnx:. x + - • y + ^ j;^^ ^+ x < 1. 

arc coBX g * ^ ^* 

X^ 2 

arc te: » x - — + -r + x £ Ij 

3 5 

nil 1 1 ^ ^ , 

2 X 3x^ 5x^ 7x^ 

arc cotx = g * ^* 

arc eecx « r » cbc x« 
2 

arc cBcx« ;j + g • jJT + alf * 5? * PT:? Tx"^ ^ * 

4* DIFFERENTIALS AND INTEGRALS: 

d( arc Bin x) = k ' ^g ' -d( arc gob x) 



d(Bin 


X) 


^ COB X dx 


d( COS 


x) 


= -sin X dx 


d( ton 


x) 


s sec^x dx 


dfcot 


X) 


= -CBC^x dx 


d( sec 


X) 


Bee X tein x dx 


d( CBC 


X) 


« -CBC X cot X dx« 



dx 

d(arc tan x) ^ r « -d'arc cot x) 

1 + x*=* 



^ -d^ arc CBC x)« 



tan X dx s In |sec x| 
cot X dx - In I sin x | 
sec X dx « In I sec x + tan x 



J 

I C0C X dx In |cBc X • cot X I r In I tan - I • 
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5. GENERAL ITEMS: 

(a) Periodicity ; All trigonometric functions are 
periodic. For example; 

On 

y a A*3in Bx has period : ~ and a mplitude ; A. 
y a A* tan Bx has period ; . 

(b) Harmonic Motion io defined by the differential 
equation; 

8 + B^'s « OJ . 

Its solution Is y = A •cos (Bt + cp), in which the 
arbitrary constants are 

A; the amplitude of the vibration , 

<p: the phase- lag * 

(c) The Sine (or Cosine) curve Is the orthogonal £ro- 
Jectlon of a cylindrical Hell:. . Pig. 20?(a), (a curve 
cutting all elements of the cylinder at the same 
angle) onto a plane parallel to the axis of the 
cylinder (See Cycloid 5e.) 




(ii) Fig* 203 (^) 

(d) The Sine (or Cosine) curve Is the development of 
an Elliptical section of a right circular cylinder, 
Pig 205(b). Let the intersecting plane be 
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•5 + ^ » 1 
2 * k " ^ 



and the cylinder: (z-l)^ + o 1 

which rolls upon the XY plane carrying the point 
Pj(x,y,z) into Pi:(x»e,y). Prom the plane j 



But 
Thu8 



y 

cos 6 



1 - COS X* 



y - (|)(1 + cosx) 



A worthwhile model of this may be fashioned from a 
roll of paper. When siloing through the roll, do not 
flatten It. 

(e) A Ma£ of a Great Circle Route : » If an airplane 

travels on a great cir- 
cle around the earth, 
the plane of the great 
circle outs an arbitrary 
cylinder circumscribing 
the earth in an E llipse . 
If the cylinder be cut 
and laid flat ai in (d) 
above, the 'rotmd-the- 
world' course is one 
period of a sine curve, 
(f ) Wave Theory t Trigo- 
nometric functions are 
fundamental in the de- 
velopment of wave theory. 
Harmonlo analysis seeks 
to decompose a resultant 
form of vibration into 
the simple fundamental 
motions characterised by 
the Sine or Cosine curve. 
This is exhibited in 
Pig. 205. 




Fig. 20h 



^is 10 non«codfomal (i.e.> angles are not preeemd). 
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C(»mpoillien of Soundi. A tuning fork with oeUvt ovtrtont would rtitmbit \ti% 

hMvy curvt. 




Four Tunh) Forlci in Unlion*--Do>Mi*Sol-Do in r«lioi 4 t 5 t 6 1 1. 




Prtnch Horn. 

ff'rom Harkln*B Fimdamental Mathomatlc6, Courtesy of Prentico-Hall . ) 

ERIC 
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Fourier Development .of a given function 1, \;he com- 
position of fundamental Sine waves of Inci^easlng fre 
quency to form successive approximations to the 
vibration^ For example, the "stop" function 



y a 0, for -n < X < 0 , 
y = n, for 0 < x < ji , 
la expressed as 




Fig* 206 

thft first four approximations of which are shown In 
Pig. 206. 
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TROCHOIDS 



HISTORY: Special Trochoids were first conceived by DUrer 
m 1525 and by Roemer In 1674, the latter In connection 
with hlB study of the best form for gear teeth. 



1. DESCRIPTION: Trochoids are Roulettes 
point rigidly attached to 
a curve that rolls upon a 
fixed curve. The name, 
however, Is almost uni- 
versally applied to Epl- 
and Hypotrochoids (the 
path of a point rigidly 
attached to a circle 
rolling upon a fixed 
circle) to which the dis- 
cussion here Is re- 
stricted* 



the locus of a 




Fig. 207 



2. EQ^JATIONS: 

Epltrocholds 
X » m»cos t - k«coB(mt/b) 
y « m^sln t - k»Bln(mt/b) 



H ypotrochoids 
X « n*cos t + k^cos (nt/b) 
y a n'sln t - k.9ln(nt/b) 



where m = a + b. vhere n « a - b. 

(these Include the Epl- and Hypocyclolds If k » b). 



TROCHOIDS 

GENERAL ITEMS: 

(a) The Limacon Is the Epl trochoid where a » b. 

(b) The Prolate and Curtate Cycloids are Trochoids of 
a Circle on a line (Fig. 208h 




Pig. 208 

(c) The Ellipse Is the Hypotrochold where a 2b. 
Consider generation by the point P [Pig. 209(a)] . 
Draw OP to X. Then, since arc TP equals arc TX, P was 
originally at X and P thus lies always on the line OX. 
Likewise, the diametrically opposHe point Q lies al- 
ways on OY, the line perpendicular to OX. Every point 
of the rolling circle accordingly describes a diameter 
of the fixed circle. The action here then Is equiva- 
lent to that of a rod sliding with Its ends upon two 
perpendicular lines - that Is, a Trammel of Archl* 
medes . Any point P of the rod describe an Ellipse 
whose axes are COC land QY. Furthermore, any point 0, 
rigidly connected with the rolling circle, describes 
an Ellipse with the lines traced by the extremities 
of the diameter through 0 as axes (Naslr, about 12*^0). 

Note that the diame ter Pg envelopes an Astrold 
wi th OX and QY as axes . This Astrold Is also the 
envelope of the Ellipses f ormed by various fixed 
points P of (See Envelopes.) 
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Fig. 209 



(d) The Double Generation Theorem (see Epicycloids) 
applies here. If the smaller circle be fixed [Pig. 
209(b)] and the larger one roll upon it, any diamet;",-* 
RX passes always through a fixed point P on the 
smaller circle. Consider any selected point S of this 
diameter. Since SO is a constant length and SO ex- 
tended passes through a fixed point P, the locus of S 
Is a Limacon (see Limacon for a mechanism based upon 
this) . Accordingly, any point rigidly attached to the 
rolling circle describes a Limacon . If R be taken on 
the rolling circle, its path is a Cardioid with cusp 
at P. 

Envelope Roulette : Any line rigidly attached to 
the rolling circle envelopes a Circle . (See Limacon 
5kj Roulettes h} Olissettes 5J 

(e) The Rose Curves : r a cos n9 and r « a sin nQ 
are Hvt)otrocholds generated by a circle of radius 



■ > the generating point of the rolling circle 

^ n 4 1 ) 

being I units distant from its center. (First noticed 
by Suardi in I752 and then by Ridolphi in 1844. See 
Lorla.) 
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'a) Fig. 210 (b) 

As shown In Pig, 23 0(b): OB « a, AB a b, OA « AP 

aa a bfl, fi = 2(01 + 0) a 7 a or a « — ^ 0. 

o a - 2b 

Thus In polar coordinates with the Initial line 

through the center of the flared circle and a maximum 

point of the curve, the path of P Isj 

r a 2(a - b) cos(a + U) « 2(a - b) cos —r 
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WITCH OF AGNESI 



HISTORY: In 1748, studied and named* by Maria Qaetana 
Agnesi (a versatile woman - distinguished as a linguist, 
philosopher, and somnambulist), appointed professor of 
Mathematics at Bologna by Pope Benedict XIV* Treated 
earlier (before 1666) by Fermat and in 17O? by Orandi. 
Also called the Versiera* 



1. DESCRIPTION t A secant OA through a selected point 0 
on the fixed circle cuts the circle in Q* QP is drawn 
perpendicular to the diameter OK, AP parallel to it. 
The path of P is the Witch* 



* Apparent V the result of a misinterpretation* It oe^nib Atjtiesl oon- 
fused the old Italian word *Versorio*' ( the namid given the ourro by 
Orandi) which naanD 'free to move in any direction' with 'versiera' 
wnich msBAB *fioblin'> tuflaboo', 'Devil's wif6*j etc. [Sea Scrlpta 
Mathemtioa, VI (1939) 2Ui VIII (19^1) 13? and School Science and 
Mathematics HVI (19'46) 37«} 




Fig. 211 
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2. EQUATIONS: 

X = 2a -tan u y(x^ + ita^) = 8a®. 

y = Sa-cos^u 

3. METRICAL PROPERTIES: 

(a) Area between the Witch and its asymptote is four 
times the area of the given fixed circle (^na^), 

(b) Centroid of this area lies at (0,|). 

(c) Vx = 4n^a^. 

(d) Flex points occur at U ± 7 . 

o 

4. GENERAL ITEMS: A curve called the Pseudo-Vitch is 
produced by doubling the ordinates of the Witch. This 
curve was studied by J, Gregory in I658 and used by 
Leibnitz in I674 In deriving the famous expression: 

i . 1 _ 2 + 1 _ 1 + 
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Addition of ordlnat»?8: l^-^"^ 
Aeroplane denlgn: h& 
Agnes 1 1 Maria Gaettma: ?57 
Alexander the Great: 36 
Alysoids 205 

Apollonlue: 23,56,86,127,133 
Arbeloe: 25 
Archer's Bow: 20'+ 
ArohimedOB Spiral: (see 

Sp 1 rtde , Arch Imedoan) 
ArchimedoB Triunmel: 3>77?10S, 

120, 25^* 

Astroid: 1.3;63,73,78,8»i,109, 

111 , 126 , luo , 156 , 157 , 163 , 169 , 

17^*1 23U 

Asymptotee: 27>87,i29,193,19n, 

195,202,211,213 
Auxiliary Curves: 190 

Barrow: 217 
Bellavitls: 127 
Beltrami: 221 

Bernoulli: 1,12,65,67,68,69, 
81,95,1^5,152,175,206,221 
Besant: 108,175 
Beeicovitch: 72 
Boltzmann: 106 
Bouguer: 170 
Bowditch Curves: 205 
Brachistochrone: 68 
Brianchon: h& 
Brocard: 171 
Bolbue: 186 
Bullet Nose Curve: 203 

Calculus of Variations: 80 
Calyx: 186 
Camfi: 6,137|210 



C ard 1 0 Id : iu? ; 17 , 61 , 84 , 91 , 12^ , 

125, r.^6,iuo,iU9, 151, 152,155, 

l6:> ; 165 , l6h , 168 , 17? , 179 , 182 , 

:?li*,235 

Carpenter's Bquare: V.^8, 50*209, 
219 

Cartesian Oval: 1^*9,205 
CasBinian Curves: fl-lljlU},!'*'* 
Catacaustic: ^ see Caustics) 
Catalan's Trisectrix: 203,205 
Catenary: 12-1^520,65,80,87,117, 

12U , 126, 17U , 177 , 182 , 185 , 203 , 

222 

Catenary, Elliptic: 179,l82,l8U 
Catenary, Hy^-rbolic: l82,l8U 
Catenary of Uniform Strength: 
17**, 203 

Caustics: 15-20;5,69,71,75,79, 
61,87,^9,15^,153^60,165, 

207 

Cayley: 75) Sextic: 87,153,163, 
21U 

Central force: 8,1*45,212,21^*, 
215 

Centrifugal ptonpst 210 

Centrode: 119 

Cesaro: 123,125,126 

Chasles: 85,119,158 

Circle: 21-2551,5,16,17,20,50, 
31,61,69,79,91,126,127,128, 
155,158,139,1**0,1U9,162,163, 
168 , 171 , 172 , 17** , 180 , 182 , 185 , 
2lU,^r>?, 233/^55 

Cisfloid: 26-50520,126,129,1**1, 
1*12, 1U3 , 161 , 165 , 183 , 218 , 219 

Clairaut: 77 

Clothoid: (see Spirals, Euler) 
Cochleoidt 205 
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Cochlold: 20? 

Cocked Hat: 203 

Compaei' Constructicn: 1.78 

Conchoid: 51-33;30,108,109,1'^0, 
121,lUl,lli2,lU8,203 

Cones: 5^-55557,35,59 

Conies: 36-55;20,78,79,87,88, 
112,130, 131, 138, lU0,li»9, 156, 
163,173,188,139,195,203 

ConvolvulUB: 186 

Coronas: 8I 

Cornu's Spiral: (gee Spirals, 
Kxaer) 

Cotes: 212; Spiral {see Spirals, 

Cotes') 
Crane: 20U 
Critical Points: I96 
Cross Curve: 203 
Crossed Parallelogram: 6,131, 

158,183 

Cube root problem: 26,51, 56, ro-* 
Cubic, I'Hospital's: 203, P05 
Cubic Parabola: 56-59589,186,197 
Cubic, Tschimhausen: 205,^00, 
21k 

Curtate Cycloid: 65,69 (see 

Trochoids) 
Curvature: 6O-6U; 53, "^6, 167,172, 

180 , 181 , I8U , 197 , 207 , 213 , ?1 5 , 

223 

Curvature, Construction of Cen- 
ter of: 5^,55>1^5,150,213 

nii.ep: 20,27,90,192,197,199,200, 
202 

Cylinder: 229,230 
Cycloid: 65-70jl,U,63,80,89,92, 
122,125,126,136,137,158,139, 

i72,m, 176,177, 179, 180,181, 

182,183, (see also Epicycloids) 

Damping factort I90 
da Vinci, Leonardo: 170 
Deltoid: 71-7^; 8U,126,lU0,l6U, 
I69,m,203 



?e Moivre: 9 J 
Decarfiuoe: 17* 

lV)n t.of} : 6'>, 9^^ , 205, 206 , 207 
Devi ion, standard: 96 
Devil Curve: :'>03 
Dlucauotlc. (see Caustics) 
Diffraction of light: 215 
Differential equation: 75,77 
Diodes: 26,129 
Directional Curvesi I90 
Discontinuous Curves: 100-107 
Discriminant: 39,57,76,189 
Double generation: 8I 
Duality: UQ 
Durer: 175,233 

"e": 95,9^^ 

Elastic spring: 215 

Ellipse: 36.55j2,19,27,63,78,79i 
88,109,111,112,120,139,1^0, 
l'^9, 157, 158,l6U, 169,173,178, 
179 , 130 , 182, 183 , 18U , 189 , 195, 
rO:?,r99,230,23U 

Klllptic Catenary: 179,182, I8U 

rnvelopes: 75-8052,3,15,50,72, 
^|5,^^^5,87,91,108,109, 110,111, 
112, 135,139, li^»*,153,155,l60, 

^ 161, 175,180,181, 23U, 235 

Fpi: 205 

Kp 1 eye lo id : 81 .8 5; , 5 i 63 , 87 , 122, 
126, 139,152,163,169, m,177, 
180,182,183 
Epitrochoids: (see Trochoids) 
Equation of second degree j 39i 
188 

Equiangular Spiral (see SpiralSi 

EquiangtU-ar) 
Equl tangential Curve: feed 

Tractrix) 
EudoxuB, flippopede of: 203 

Kampyle ofi nk,20h 
Euler: 67,71,82 
Euler form: 9^,116,226 
Euler Spiral ( see SpiralSi Euler) 
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Evolutesj 86-9252,5,15,16,19,20, 
57,66,68,72,79,85,15!?,139,149, 
152,155,1!?5,17},187,197,20U, 
207 

Exponential Curves; 95-97 S20 
Feimat} 237 

Feraat*B Spiral; (see Spirals, 

Parabolic) 
Festoon; 20U 

Flex point; 10,56,87,90,196,198 
Flower Pot; 20k 

Follim of Descartes: 98-99;193> 

205 

Folium; 72j (Simple, Double, 
Trl-, iuadrl-; 73,l»*0,l63,l6»i, 
m,203) 

Fourier Development; 232 

Fucla; 186 

Functions with Discontinuous 
Properties J 100-107 

Galileo; 12,65,66,81 
Gaussian Curve; 95 
Oearss 1,69,81,137,255 
Gerono's Lemnlscate: 203 
Gllssettes; 108-112550,121,122, 

138,139,l»*9i2l6 
Goblet; 20h 
Grandl; 257 

Graphical solution of oublos: 
57,58 

Great circle route? 230 
Gregory; 258 
Growth, Law of: 9k 
Gudermann; 115 
Gudermannlant 115 
Guillery; 69 

Halley: 207 
Harmonic Analysis; 250 
Hamonlc Motion; 6,67,229 
Harmonic Section: h2 
Hart: 131 



Hathaway; 171 

Helix; 69,203,209,211,229 

Helmet; ?.0k 

Helmholtz; 203 

HeSBlan; 99 

Hillock; 20h 

Hlpplas, Quadratrlr of; 20k 

Hlppopede of Eudoxus; 20 J 

Hire; 138,175 

Horopter; 203,20^.205 

1 'Hospital; 68; cole; 203,205 

Huygens: 15,66,67,86,135,152, 

155,186,221 
Hyacinth: 186 

Hyperbola; 36-55sl9, 27,63, 78, 
79,88,101,112,115,116.129,130, 
139,l»*0,lUU,lif9,157,l63,l6U, 
168,169,173,182,18^,189,195, 
205,21^,219 
Hyperbolic Catenary; I82,l8if 
Hype.oollc Functions: 113-118 
Hyperbolic Spiral; (see Spirals, 

Beolprocal) 
Hypocyclold; 81-85)1,63,71,87, 
122,126,1^0,163, 169, 177, 180, 
182 

Hypotrocholds; (see Trochoids) 

Ionic Volute: 213 
Ingram: 127 

Instantaneous Center of Rota- 
tion: 119-122)3,15,29,32,66, 
73,85,153,158,176,209 

Intrinsic Equations; 123-126 j 
92,180 

Inversion: 127 -13** J 63 

Involutes; 135-137)13,20,66,68, 
85,87,125,126,l5^>156,l6ii, 
176, 182, 183, 208, 209, 222 

Isolated point: 192,197,200, 
202 

iBoptlc Curves: 138-lU0j69,85, 
121,213 
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Jones: 

Kakeya: 7? 

Kampyle of Eudoxuo: 17^^>I^0^* 
Kappa Curve j nh, 20h , ?05 , 222 
Kelvin: 127,1*^1,1*^2 
Klerold: 141-11*2529, 33,-^19 
Kite: l')8 

Lagrange: 15,67, 7t> 
Lesiabert: 113 
Lame Curve: 87,l61i,20if 
Law of Growth (or Decay): 9'* 
Law of Slneo: 225 
Least area: 72 
Leibnitz: 56,68,155,175,106, 
221,238 

Lemniscate, Bernoulli** s: 1^*3- 

111759,10,63,130,157,163,168, 

205,21l| 
Lemniscate, Gerono*s: 203 
Light rays: 15,86 
Lijnacon of Pascal: lW-151i5,7* 

16, 31, 108, 110 , 121, 130, 139, 1^0, 

163,23^*, 235 
Line motion: 8li, 132,158, 210,23^+ 
Linkages: 6,9,28, 51,132, lli6,151, 

158,183 
Liouvllle: 221 

Llssajous Curves (see Bowdltch 

Curves) 
Lltuus: 169,212,213 
Logarithmic Spiral: (see Spirals, 

Equiangular) 
Lorla: 186 
Lucas: 171 

Maclaurin: Ili3,l60, 163,182,205, 
213 

Mapping: 118,223,230 
Maxwell: 136,175 
Mayer: 113 

Mechanical Inversors: 131 
Mechanical solution of cubic: 57 



MechanJmn, quick return: I83 
Menaechon ,.1 : 36 
Mercatoi'j 118,250 
Mersenne: 65, Si 
Minimal Surfaces: 13,183 
Monge: 56 
Montucla: 69 
Morley: 171 

Motion, harmonic: 6,229 
Motion, line: 8li, 132,158, 210, 

23*+ 
Muller: 225 

Multiple point: 20,192,197, 199> 
200,202 

Wapier: 93 
Napkin ring: 17 
Nasir: 23h 

Nautilus, septa of: 208 
Nell: 186 

Nephroid: 152.15^jl7,73,81i,87, 
126 

Newton: 23,51,56,60,67,68,81, 
175 

Nlccmedes, Chonchoid of: 31-33) 

108,11*2 
Node: 192,197,199*200 
Normal Curve: 95i96 
Nomeds: 9I 

Optics: ifO,203 
Orthocenter: 22 
Orthogonal trajectory: 2r3 
Orthoptic: 3,73,138,139,1^9 
Orthotomlc: 15,20,87,160 
Osculating circle: 60,63 
Oscul inflexion: 198,199>200,202 
Ovals: 131,li*9>203 

Palm Stems: 20^ 
Paper Folding: 50,78. 
Pappus: 25 

Parabola: 36-55]5A2,13,19>20, 
27, 29,6l,6ii,7.% 76, 79,80,87,88, 
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91,111,112,129,156,13^,159, 

XkQ, IU9, 1^)6, 157, 161, 163, l6if, 

l6e , 169 , 173 , 176 , li 2, 183 , IB7 , 

I89,2lif,2l6,:?l9 
Parabola, Cubic: (see Cubic 

Parabola) 
Parabola, SemUcubic: (see Semi* 

cubic Parabola) 
Parallel Curves: 155-1'>9;79 
Parallelogram, Crossed: 6,131, 

158,183 

Pascal: 36,65, l**8j Theorem of: 
ff . 

PoarlD of Sluze: 56,20** 
Peaucellier. cell: 10,28,52,131 
Pedal Curves: I6O-I65; 5,9, 15,29, 
63,72,79,85,136,138,li*U,lfi9, 
167 , 179 , 182 , 203 , 207 , 209 , 2li* , 
219 

Pedal Equations: 166*169 ;l62, 

177,213 
Pendulum, Oycloidal: 68 
Pilaster: 20^* 
Pink: 186 
Piriform: 20i* 
Pivot, Schiele*s: 222 
Poinsot^B Spiral: 20i* 
Points, Singular: 192,199,200, 

202 

Polars: i*l,i*2,i*3,****,135 
Polynomial Curves: 6i*,89>19**>198 
Polynomial Curves, Semi*: 61,87, 
201 

power of a point: 21 
Probability Curve: 95 
Projection, Mercator*s: II8; 

Orthogonal: '*!29} 
Orthographic: 211 j 
Stereographic: 207, 
219 

Prolate Cycloid: 65,69 (see 

Trochoids) 
Pseudo-sphere: 223 
Pfieudo-witchl 238 



Pursuit Curve: 170*171 
Pyramid: 20^* 

Quadratrix of Hlppias: 20** 
C'uadrifolium: lUO,l63 
Que tele t: 15,127,160 
Quick return mechanism: I83 

Radial Curves: 172*17U;69,73, 

222 

Radical Axis: 22 

Radical Center: 22 

Reciprocal Spiral: (see Spirals^ 

Reciprocal) 
Reflection: (see Caustics) 
Refraction: 69, (see Caustics) 
Rhodcneae: (see Roses) 
Rhumb line: 118 
Riccati: 113 
Ridolphl: 235 
Roberval: 65,66, lUB 
Roemer: 1,81,233 
Roses: 85,163,17^,216,235 (also 

see Trochoids) 
Roulettes: 175-l85jl3,29,65,73i 

79,110,135,136,207,212,222, 

233,235 (see Trochoids) 
Sacchl: 169 
Sail, section of: Ih 
Schiele*s pivot: 222 
Secant property: 21 
Semi -cubic Parabola: I86*l87;6l, 

87,157,192,201 
Semi*polynomiGdss 61,87,201 
Semi "trident: 20k 
Septa of the Nautilus: "?08 
Series: 117,227,228,232,238 
Serpentine: 20U 
Shoemaker's knife: 25 
Sierpinski: 107 
Similitude: 22 
Simson linei 72 

Sine Curve: 225,229,230,231,232 
Sines, Law ofi 225 
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Singular pointe: 62|192|197i 

199j200,?0i? 
Singular Bolutlcns: 75 
SinuBoidal Spirals: (eee 

Spirals, SlnuBoldal) 
Sketching: 188-205^1^5 
Slope: 191 
Slot machlno : 96 
Sluze, PearlB of: 20h 
Snowflake Cun'e: 106 
Soap flljnB: 13il83 
Spirals: 206-216 
Spirals, 

Archimedean: 20 > 136,16^1,169, 
209,210,211,212 

Comu*B: (eae Spirals, Kuler) 

Cotee*; 72, l69i 215,216 

Equiangular: 20,63,87,126, 
136,163,169,171,173,206, 
207,208,209,211,216 

Euler: 136,215 

Femat'e: (eee Spirals, Para- 
bolic) 

Hyperbolic: (eee Spirals, 

Keclprocal) 
Parabolic: 169,212,213 
PolnBot*B: 20h 
Reciprocal: iS2,210,211, 

212,216,222 
Sinusoidal: 20,63,139,1^*0, 
Ikh , 161 , 162 , 163 , 168 , 205 > 
213, 2U 
Spiral Tractrlx: 137 
Splrlc LlneB of Pereeue: 20k 
Spring, elastic: 215 
Squaring the circle: 36,209 
Standard deviation: 96 
Stelner: 2i*, 127,179 
Step function: 232 
Stereograi^hic projection: 207, 
219 

Strophoid: 217-220)29, 129,11*1, 

1U2, 163,205 
Stubba: 127 



stum: 26 
Suardi: 235 
Supercharger: ?10 
Swing and Chair: 2Qh 
Syntractrlx: 20h 

Tangent Construction: 3,13,29, 
32,U1,UU,U6,66,73,85,119,159, 
11*5, 150 , 153 , 168 , 21h , 222 

Tangents at origint 191,192 

Tautochrone: 67,85 

Taylor: 75 

Terquem: I60 

Torus: 9,2Qk 

Tractory: (see Tractrix) 

Tractrix: 221-22Ujl5, 63,87, 126, 
137, 17^,182,20^,212 

Trains: 2k 

Trajectory, orthogonal: 223 
Trasmal of Archimedes: 3,77,108, 

120, 23** 
Transition curve: 56,215 
Trident: 205 
Trifolium: ( see Folium) 
Trigonometric functions: 225-232 
Trieectlon: 33,36,58,205 
Trisectrlx: 1^9,163,203,205 
Trochoids: 233-236)120,122,138, 

139,1**8,176,20U 
Trophy: 20k 

Tschimhausen: 15,152,203,205, 

21U 
Tucker: 172 
Tulip: 186 
Tunnel: 20k 
Twisted Bow: 20k 

llnduloid: I8U 
Urn: 20k 

Varlgnon: 211 

Verslera: (see Witch of Agndsi) 
Versorlo: (see Witch of Agnaal) 
Vibration: 68,230,231,232 
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Vlvlanl^s Curve! 205,219 

Voluty: 215 

Von Koch Curve: 106 

Wallls: 6^ 

Watt: 143 

Wave theory: 230 



VelerstraBB: 113 
WelerstrADS function: x07 
Whewell: 87, 1:^3, 12**, 125,126,180 
Witch of Agnosi: 237-238; 205 
Wren, Sir Christopher: 66 
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